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ABSTRACT
The formation and evolution of galaxies is highly dependent on the dynamics of stars and gas,
which is governed by the underlying law of gravity. To investigate how the formation and evolution
of galaxies takes place in Milgromian gravity (MOND), we present full hydrodynamical simulations
with the Phantom of Ramses (POR) code. These are the first-ever galaxy formation simulations done
in MOND with detailed hydrodynamics, including star formation, stellar feedback, radiative transfer
and supernovae. These models start from simplified initial conditions, in the form of isolated, rotating
gas spheres in the early Universe. These collapse and form late-type galaxies obeying several scaling
relations, which was not a priori expected. The formed galaxies have a compact bulge and a disk
with exponentially decreasing surface mass density profiles and scale lengths consistent with observed
galaxies, and vertical stellar mass distributions with distinct exponential profiles (thin and thick disk).
This work thus shows for the first time that disk galaxies with exponential profiles in both gas and
stars are a generic outcome of collapsing gas clouds in MOND. These models have a slight lack of
stellar angular momentum because of their somewhat compact stellar bulge, which is connected to the
simple initial conditions and the negligible later gas accretion. We also analyse how the addition of
more complex baryonic physics changes the main resulting properties of the models and find this to
be negligibly so in the Milgromian framework.
Keywords: galaxies - galaxy disks - gravitation - hydrodynamical simulations
1. INTRODUCTION
Galaxies, groups of galaxies and clusters of galaxies
are the largest gravitationally bound baryonic structures
of our Universe. Yet, the formation and evolution of
galaxies are still among the most challenging phenom-
ena in astrophysics, partly because it is, even today,
not possible to perform high resolution simulations that
contain all dynamical and hydrodynamical effects from
galaxy-scales down to the scale of a single star.
On the other hand, concerning their general proper-
ties, galaxies seem to be simple objects. The vast ma-
jority of galaxies with stellar mass above ≈ 1010M are
late-type galaxies at all redshifts (e.g., Delgado-Serrano
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et al. 2010, Tamburri et al. 2014) with pure ellipticals
representing less than 5 per cent (e.g., Delgado-Serrano
et al. 2010). Disney et al. (2008) analysed hundreds of
galaxies with respect to six of their properties, which de-
scribe the galaxy completely. Correlation matrices for
all parameters were analysed with a principal compo-
nent analysis. Surprisingly, they found that all parame-
ters are strongly correlated and that they are determined
by only one of them, which they could not determine
with their method, thus only one principal component
is evident from observations. Furthermore, the mass-
discrepancy-acceleration relation/radial-acceleration re-
lation (MDAR/RAR) (McGaugh 2004; Lelli et al. 2017),
which generalises several other galaxy-scaling relations
such as the mass-asymptotic-speed relation (MASR aka
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Baryonic-Tully-Fisher relation, BTFR)1 (Sanders 1990;
McGaugh et al. 2000), the ”dichotomy” between HSB
and LSB galaxies (de Blok & McGaugh 1997; Tully &
Verheijen 1997), the central density relation (Lelli et al.
2013, 2016b), the ”baryon-halo conspiracy” (van Al-
bada & Sancisi 1986), Renzo’s rule (Sancisi 2004), the
Faber-Jackson relation (Faber & Jackson 1976) and the
σ? − VHI relation (Serra et al. 2016), while having little
to none intrinsic scatter, strengthen the argument that
galaxies follow a tight and seemingly simple law. This
is further emphasized by late-type (i.e. disk) galaxies
lying on a star-forming main sequence with a small dis-
persion, over a broad range of redshifts (Speagle et al.
2014).
Especially late-type galaxies show ordered structures,
regardless of e.g. the total mass or morphology, as the
majority of them have an exponentially decreasing stel-
lar surface mass density profile. This phenomenon has
been known for more than 40 years (Freeman 1970), but
its origin is still not understood. For example Herpich
et al. (2017) show that these profiles might appear be-
cause of the dynamics within the disc, but there are also
explanations that use the initial conditions of the forma-
tion of the galaxy for their reasoning (Fall & Efstathiou
1980; Dalcanton et al. 1997; Dutton 2009).
The order and simplicity of galaxies, amongst other
observations on galactic scales (Kroupa 2015), is diffi-
cult to explain in the standard model of cosmology, as
the evolution of galaxies is, in that framework, based
on many subsequent mergers that happen stochasti-
cally. Fossils left over from this merging history orbit
the galaxy as satellite galaxies, but the observed very
significant phase-space correlation of satellite galaxies
around the MW (Kroupa et al. 2005; Pawlowski et al.
2012; Pawlowski & Kroupa 2020), Andromeda (Metz
et al. 2007; Ibata et al. 2013) and Cen A (Mu¨ller et al.
2018) is inconsistent with the observed satellites being
such fossils (Pawlowski 2018). The mutual alignment of
the MW and Andromeda satellite population have not
found an explanation in standard-dark-matter models,
but appear to arise naturally in Milgromian dynamics
(B´ılek et al. 2018; Banik et al. 2018b). Moreover, given
the non-detection of dark-matter-particles despite a sig-
nificant effort to find them (Bertone & Tait 2018) and
astronomical arguments suggesting dark matter not to
exist (Kroupa et al. 2010; Kroupa 2012, 2015), it is nec-
essary to also begin to investigate if non-dark-matter-
based models lead to objects which resemble observed
galaxies. This is of course an immense task, which we
1 To prevent confusion about the velocity that has to be used here,
we choose to use the name MASR.
merely start taking on here, with rather simplified ini-
tial configurations allowing us to investigate some very
generic trends. As we will show, some interesting regu-
larities will nevertheless appear.
On galaxy-scales Milgromian dynamics (MOND)
(Milgrom 1983; Famaey & McGaugh 2012; Milgrom
2014), accounts for the observations regarding the shape
of the rotation curves of galaxies and galaxy-scaling re-
lations such as the MASR (BTFR) (Sanders 1990; Mc-
Gaugh et al. 2000; McGaugh 2012). As the baryonic
content is the only source for the gravitational potential,
MOND is also capable of predicting the rotation curve
of a galaxy solely from its baryonic content and further-
more, due to its predictive nature, it lead to the discov-
ery of new scaling relations, e.g. the MDAR (Sanders
1990; McGaugh 2004, 2005, 2012, 2014), which is math-
ematically the same as the RAR (see also Eq. 2 of Mil-
grom 1983 as a first prediction of the MDAR/RAR).
For completeness we note that Di Cintio & Lelli
(2016); Ludlow et al. (2017); Keller & Wadsley (2017);
Navarro et al. (2017) argue that these relations can
be reproduced within the standard dark-matter based
LCDM models, although they were not predicted and
despite certain questions remaining open about their
scatter (see, e.g. Di Cintio & Lelli 2016; Lelli et al.
2017; Desmond 2017a,b).
Although the MOND framework is analytically suc-
cessful on galaxy-scales, it has hardly been tested in
simulations. Part of the reason is its non-linearity and
therefore the lack of simulation codes that are able to
calculate the MOND potential. Especially, self consis-
tent simulations with star formation and a full hydro-
dynamical treatment of gas were impossible to perform
until the recent development of the Phantom of Ramses
(POR) (Lu¨ghausen et al. 2015) and RAyMOND (Can-
dlish et al. 2015) codes, which are customized versions of
the publicly available simulation code Ramses (Teyssier
2002).
Previous applications of POR to state-of-the art prob-
lems are available in the very-high-resolution simula-
tions of Antennae-like galaxies (Renaud et al. 2016),
and (without hydro) in the simulation of the Sagittarius
satellite galaxy and its stream by Thomas et al. (2017) as
well as the computations of streams from globular clus-
ters (Thomas et al. 2018), and the computation of the
Andromeda-Milky-Way encounter by B´ılek et al. (2018).
Prior to this, Milgromian simulations with gas (Tiret &
Combes 2008; Combes 2014) were carried out by using
sticky particles and a MOND Poisson solver (Brada &
Milgrom 1999; Tiret & Combes 2007). These publica-
tions were concerned with the evolution of pre-existing
disc galaxies and/or their satellites, but none were con-
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cerned with the formation of galaxy discs.
This work presents the first fully self consistent hy-
drodynamical simulations of galaxy formation done in
the Milgromian framework. It is however worth insisting
here that the MOND paradigm, as it stands today, is es-
sentially mute on cosmology, so that the paradigm must
necessarily be incomplete and needs to be embedded
into a self-consistent cosmological model. Nevertheless,
although details will of course depend on the specific
parent theory, we can study some general consequences
of a MOND-like force in cosmology. Firstly, because of
the stronger force, dynamical measures of the cosmic
mass density will be overestimated, just as in galax-
ies. Also, MOND forms structures more rapidly than
Newtonian gravity with the same source perturbation
(Llinares et al. 2008). In the early Universe, perturba-
tions would (in principle) not grow because the baryons
are coupled to the photon fluid. Since the mass density
is lower in MOND, matter domination would occur later
than in ΛCDM. Consequently, MOND structure forma-
tion initially would lag behind ΛCDM. However, as the
influence of the photon field would then decline and per-
turbations begin to enter the MOND regime, structure
formation would rapidly accelerate. Large galaxies could
form as early as z ≈ 10 from the collapse of gas clouds
which we model hereafter. Note that this means that
there would be fewer mergers than in ΛCDM at inter-
mediate redshifts, and in those rare mergers and much
more numerous encounters between spirals, tidal dwarf
galaxies would be formed and survive more easily than
in ΛCDM (Sanders 1998). This may indeed plausibly be
the source of satellite galaxies and their observed phase-
space correlation (Banik et al. 2018b; B´ılek et al. 2018;
Okazaki & Taniguchi 2000; Javanmardi & Kroupa 2020)
At this point we want to focus on one important differ-
ence between simulations done in ΛCDM and MOND.
Simulations done in the ΛCDM framework depend
strongly on the feedback processes that are implemented
in the code that is used, which are assumed by the com-
munity to be very uncertain. E.g. supernovae, AGN
activity and ram-pressure introduce baryonic outflows
from the galaxy that lead to a lower value of the baryon-
to-DM fraction within the galaxy compared to the cos-
mic mean value. Therefore, the implementation of these
processes and their fine-tuning are very important for
the shape and properties of the galaxy. However, in
MOND this should not be the case, because there is no
large gravitating dark-matter-halo with its own dynam-
ical history and no reason to eject material to obtain the
right baryon fraction. We will show that in MOND it
is indeed not necessary to introduce complex baryonic
physics, as the general properties of the galaxies will not
be significantly different. Furthermore, in ΛCDM simu-
lations, angular momentum can be exchanged between
the baryons and the dark halo. Again, this is not the
case in simulations done in MOND.
A short introduction into the MOND framework and
the numerical methods that were used is given in Section
2, afterwards the models are described in Sec. 3. Sec.
4 contains the detailed analysis of the formed galaxies.
In Sec. 5 the computations are compared with observed
scaling relations (MDAR and MASR) and in Sec. 6 the
results are discussed and further work will be outlined
that should be done in the future.
2. THEORY & NUMERICAL METHODS
2.1. Modified Newtonian dynamics (MOND)
Since galaxies show systematic and tightly correlated
dynamical deviations from Newtonian behaviour, here
we assume this to be the result of effective gravitation
deviating from the classical Newtonian law. This is plau-
sible, because the law of universal gravitation was em-
pirically motivated only by Solar System objects, both
in the case of Newton (Newton 1687) and Einstein (Ein-
stein 1916). We follow the empirical finding that galax-
ies follow scale-invariant dynamics (SID) in the low-
acceleration limit. Scale invariance is the symmetry
under which the gravitational and dynamical (actual)
acceleration transform in the same way under scaling of
lengths and time by a factor λ. Thus, if the actual ac-
celeration g (which scales as λ−1) is a function of the
Newtonian gravitational acceleration, gN (which scales
as λ−2), their relation has to be of the form shown in
Eq. 1. As SI only leads to proportionality in Eq. 1, a0
needs to be normalized such that equality holds (Mil-
grom 1983; Milgrom 2009; Wu & Kroupa 2015). Thus,
when scale-invariance applies the true gravitational ac-
celeration, g, is given by
g =
√
a0gN, (1)
where a0 ≈ 10−10ms−2 ≈ 3.7pcMyr−2 is Milgrom’s con-
stant and gN is the Newtonian acceleration.
Eq.1 is the basic equation underlying the MOND
paradigm and it is only valid in the low acceleration
deep-MOND limit g  a0 ≈ 10−10ms−2. To also encap-
sulate the symmetry breaking in the Newtonian regime,
Milgrom’s law is formulated as follows:
g = ν
(
gN
a0
)
gN, (2)
with ν(y), y = gN/a0, being the transition function,
which is defined by its limits:
ν(y)→ 1 for y  1 and ν(y)→ y−1/2 for y  1. (3)
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Eq. 1 correctly predicts galaxy scaling relations, e.g. the
MASR (BTFR), and led to the discovery of new scaling
relations like the MDAR (Sanders 1990; McGaugh 2004,
2005, 2012). Additionally it is the best fitting model to
the aforementioned RAR, which can be considered to be
the most general galaxy-scaling relation to date. MOND
can be formulated as a classical gravitation theory with
a fully developed Lagrangian formalism (Bekenstein &
Milgrom 1984; Famaey & McGaugh 2012) and it may be
related to the quantum physics of the vacuum (Milgrom
1999; Smolin 2017).
2.2. Simulation code
RAMSES is a publicly available hydrodynamical N-
body code based on the Adaptive Mesh Refinement tech-
nique (AMR), hence it is a grid based code with a tree-
like data structure so that the grid can be recursively
refined on a cell-by-cell basis (Teyssier 2002). Simula-
tions start with the coarsest grid and the cells in this grid
will split up into 2dim child cells (octs) if certain condi-
tions are fulfilled, e.g. if the density or particle number
threshold for the cell is reached. This also works vice
versa, so that octs can be destroyed if e.g. the density
becomes too low. Therefore the resolution increases in
areas of interest.
The basic steps for grid based codes to update the po-
sitions and velocities for the particles are the following
(Teyssier 2002):
1. The mass density ρ on the mesh is calculated using
a “Cloud-In-Cell” (CIC) interpolation scheme.
2. The potential φ on the mesh is calculated by solv-
ing the Poisson equation (see the description of
POR below for the MOND case).
3. The acceleration on the mesh is calculated using
a standard finite-difference approximation of the
gradient.
4. The particles’ accelerations are computed using an
inverse CIC interpolation scheme.
5. The particles’ velocities are updated according to
their accelerations.
6. The particles’ positions are updated according to
their velocities.
To be more precise, the Poisson equation is solved in
RAMSES by minimizing the residual 4φ− 4piGρ using
the Gauss-Seidel method and the particles’ positions and
velocities are updated using the Leap-Frog scheme with
adaptive time steps.
It is important to note that RAMSES uses a ”one-
way interface” scheme, i.e. the finer level solutions are
updated using the coarser level solutions and not vice
versa, which would be a ”two-way interface” scheme.
But this basic scheme is not exactly true for all simula-
tions done in this work, as most of the simulations were
computed with MOND (see Section 2.2.3).
As mentioned before not only the trajectories and ac-
celerations of particles can be computed with RAMSES,
but it also includes a hydrodynamical solver. Therefore
star formation and cooling/heating processes of a given
gas content are available as well as dynamical phenom-
ena like shocks. In the code the Euler equations in their
conservative form are solved using a second-order Go-
dunov scheme with a Riemann solver (see Teyssier 2002
and references therein).
2.2.1. Star formation and sink particles
Star formation is very important for the simulations
done in this work, because all particles are born from
the initial gas content.
Star formation in general occurs due to the fragmen-
tation of a gas cloud and the formation of dense clumps.
If these clumps are heavier than the Jeans mass, they
should collapse under self-gravity and form stars. How-
ever this mechanism is not implemented in codes that
are made for cosmological and galactic scales due to sev-
eral reasons. The resolution of the finest grid would have
to be smaller than the size of a star, which would in-
crease the computation time drastically. Further, if the
resolution is on that level, all physical processes that act
on this scale would have to be implemented, e.g. a cor-
rect IMF (Kroupa et al. 2013; Jerˇa´bkova´ et al. 2018),
the evolution of single stars and most importantly star-
star interactions and binary stars (e.g. Oh & Kroupa
2016), altogether amounting to a prohibitive computa-
tional cost.
In RAMSES, star formation is implemented as follows.
Stellar particles are only created if two criteria are met.
First, the gas mass-volume-density, ρ, needs to exceed a
user defined threshold and second, a dimensionless inte-
ger number, n?, drawn from a Poisson distribution has
to be unequal to zero. The distribution has a mean value
of ρSFRd
3
xdt/M? and depends on the local star formation
rate density, ρSFR, the length of the time step, dt, the
1D size of the cell, dx, in which the density threshold is
exceeded and M?, which is the mass scale of newly born
stars (either user defined or given by M? = ρthresd
3
x).
The SFR follows the Schmidt law, ρSFR = ρ/t? ∝ ρ3/2,
where t? = tff(ρ/ρthres)
−1/2 is the star formation time
scale, which is proportional to the local free fall time,
tff =
√
3pi/32Gρ. The code checks at every time step if
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any cell exceeds the density threshold, then n? is drawn
for the respective cell and if it is non-zero, a stellar par-
ticle is created by converting the amount of gas, n?M?,
into the mass of the stellar particle. In our work the
mass of these particles exceed 104M due to our resolu-
tion, so they may be viewed as clusters of stars rather
than single stars.
All particles produced this way are disconnected from
the hydrodynamical evolution and only interact with the
gas through gravity and feedback, which starts after a
certain delay or directly depending on the user’s choice
(here a delay of 10Myr is applied).
Also a different kind of particle can be produced
within the simulation, namely sink particles (sinks),
which are meant to stabilize the simulation.
In galaxy-scale simulations it is nearly impossible to
resolve single stars as mentioned before, so following the
gravitational collapse of a gas cloud has to be artificially
stopped at some point due to the maximum resolution.
But not resolving the Jeans length and mass can lead
to artificial fragmentation of the gas in collapsing re-
gions (Truelove et al. 1998). This can be avoided using
different techniques. One is to introduce a barotropic
equation of state, so that the gas heats up if a certain
density threshold is met. The downside of this imple-
mentation is that the gas formations stay extended and
are more vulnerable to disruption (e.g through shocks
or tidal stripping). Also because of this A. Bleuler and
R. Teyssier invented and implemented a new sink par-
ticle scheme into RAMSES. The idea is that collapsing
gas clouds are artificially stopped if a certain density is
exceeded and the gas is condensed into a point mass,
which is decoupled from the hydrodynamical evolution
as mentioned above. So the user can choose the density
threshold according to a maximum resolution or certain
physical scale (for further details about the implemen-
tation and tests of the sink particle scheme see Bleuler
& Teyssier 2014).
2.2.2. Cooling/Heating and radiative transfer
As explained before, RAMSES uses a second-order
Godunov scheme to solve the Euler equations in their
conservative form. There is also a radiative-transfer
(RT) addition to RAMSES called RAMSES-RT (Ros-
dahl et al. 2013), which uses a first-order Godunov
solver, which will only briefly be explained at the end of
this section.
In the code itself the function, which contains ra-
diative cooling and heating, is computed separately,
therefore the thermochemistry scheme can be changed
without changing the whole hydrodynamical solver. It
depends on the gas density, temperature, ionization
states of the gas (e.g. Helium, Hydrogen) and metal-
licity, but in simulations without the addition of the RT
scheme, collisional ionization equilibrium (CIE) is as-
sumed. That means that the ionization states can be
calculated with the temperature and the density alone,
so they do not need to be tracked in the code. Cool-
ing and heating of the gas is therefore computed by us-
ing tables that are included in the code, which describe
the cooling and heating rates due to several physical
processes. The heating term includes photoionization
processes and the radiative cooling processes are: col-
lisional excitation, collisional ionization, recombination,
bremsstrahlung and Compton scattering. The Suther-
land & Dopita (1993) cooling model is used in RAMSES
with look-up tables in the temperature and metallicity
plane and also the tables from Courty & Alimi (2004)
are used for the different cooling/heating processes.
In fact there is no rigorous treatment of RT by using
this scheme, because the ionization states are computed
by assuming CIE so that the cooling and heating rates
can be computed with the temperature and density as
described above. In the end the temperature is updated
and with it the total energy density by also taking the
rest of the Euler equations into account.
As mentioned at the beginning of this section there is
an option called RT which can be enabled for simula-
tions. By doing so the simulation is run with a differ-
ent hydrodynamical solver. With this addition photon
fluxes are introduced and the code keeps track of the
ionization states, because they are now correctly com-
puted by using photons, collisions and non-equilibrium
thermochemistry. So radiative transfer between sources
like stellar particles is implemented.
Using the RT option increases the memory re-
quirement massively, because the conservative state
vector U = (ρ, ρu,E, ρZ), which stores the hy-
drodynamical properties of each cell (gas density
ρ, momentum density ρu, total energy density
E and metal mass density ρZ) becomes U =
(ρ, ρu,E, ρZ, ρxHII , ρxHeII , ρxHeIII ,Ni,Fi), where new
variables, connected to the photons, are introduced
(ionization fraction densities of Hydrogen and Helium
ρxHII , ρxHeII , ρxHeIII with e.g. xHII = nHII/nH, pho-
ton number density Ni and photon Fluxes Fi), and this
roughly increases the memory requirement by a factor
of 3.5.
2.2.3. Phantom of Ramses (POR)
Every computation done in this work used a cus-
tomized version of RAMSES, called Phantom of Ramses
(POR). POR (Lu¨ghausen et al. 2015) is the only publicly
available code, which is capable of running full hydro-
6 N. Wittenburg, P. Kroupa & B. Famaey
dynamical simulations with a MONDian Poisson solver.
Part of the reason why this is the only publicly avail-
able code is that the generalization of the Poisson equa-
tion in MONDian theories is non-linear, which makes it
very challenging or impossible to implement into an N-
body code. However there is a formulation of MOND,
which can be implemented without changing the Pois-
son solver of the code. It is called the quasi-linear for-
mulation of MOND (QUMOND, Milgrom 2010), which
is derived from an action and obeys the standard con-
servation laws, with the generalised Poisson equation,
4Φ(x) = 4piGρb(x) +∇ · [ν˜(|∇φ|/a0)∇φ(x)], (4)
4Φ(x) = 4piG(ρb(x) + ρph(x)). (5)
Here ρb(x) is the baryonic density, φ(x) the Newtonian
potential, which fulfills the standard Poisson equation
4φ(x) = 4piGρb(x), Φ(x) is the total gravitational po-
tential and ν˜ is the transition function between the New-
tonian and the MOND regime, which is ν from Eq. 2
minus 1 with the limits: ν˜(y)→ 0 if y  1 (Newtonian
regime) and ν˜(y) → y−1/2 if y  1 (MOND regime)
with y = gN/a0. Several functions that fulfill this cri-
terion have been used in the literature (see Lu¨ghausen
et al. 2015), but here
ν˜(y) = −1
2
+
1
2
√
1 +
4
y
(6)
is used.2
Note that the second term on the right hand side of
Eq.4 was condensed into
ρph(x) =
∇ · [ν˜(|∇φ|/a0)∇φ(x)]
4piG
, (7)
so the generalised Poisson equation also visualizes its
quasi-linearity. Eq.5 shows that the total gravitational
potential in MOND depends on the baryonic density
and an additional term, which is called ρph, also has the
units of matter density and depends on the Newtonian
potential alone. Therefore the total gravitational poten-
tial can be written as Φ = φ + Φph, where it is divided
into a Newtonian and a MONDian part. ρph is called
”phantom dark matter” (PDM) density, but it is not a
real matter distribution. It is a mathematical formu-
lation to compare more easily MOND with Newtonian
dynamics. It is also exactly the density that would be
interpreted as dark matter in the standard cosmology
framework.
As mentioned before, the generalised Poisson equation
2 Note that Eq. 6 corresponds to the ‘simple’ interpolating func-
tion, see, e.g., Sect. 6.2 of Famaey & McGaugh (2012).
is not linear (through the computation of ρph), so the
Poisson solver in POR is different from the one in RAM-
SES. However the QUMOND formulation makes the im-
plementation much easier, because the already existing
standard Poisson solver can be used and no new solver
needs to be implemented. Therefore, to solve the com-
plete Poisson equation for QUMOND, three steps were
implemented in the code:
1. After the smoothed matter density distribution is
calculated in a given cell from gas and particles,
the standard Poisson equation,
4φ(x) = 4piGρb(x), (8)
is solved to compute the Newtonian potential φ
and its gradient.
2. The PDM density is calculated using Eq.7 (for the
detailed scheme see Lu¨ghausen et al. 2015).
3. With the matter density and the PDM density,
the whole Poisson equation in QUMOND (Eq.5)
is solved to compute the total gravitational po-
tential. The gradient of this potential at location
x then yields the acceleration, a, at x, a(x) =
−∇Φ(x).
We stress here that only the calculation of the poten-
tial is slightly changed, such that the total gravitational
potential in MOND is calculated. Therefore the hydro-
dynamical solver is unchanged, but uses the total grav-
itational potential from the MONDian gravity solver.
3. THE MODELS
The computations start from pure gas clouds, setting
up identical models, except for the initial rotation ve-
locity, radius and mass. This was done to see whether
it is possible to reproduce roughly the Hubble Sequence
(Hubble 1926) by changing the initial rotation velocity
from 0 to a certain value. According to Disney et al.
(2008) galaxies are simple objects and their properties
only depend on a single parameter, so if MOND con-
tains the right description of gravitational dynamics3, it
should be possible to reproduce the Hubble Sequence in
simulations, that is if all members of the sequence can
form in isolation from one gas cloud without further ac-
cretion of gas.
The initial distribution of gas is a uniform sphere with
the same mass density for all simulations, which leads to
a surface mass density distribution, Σinit(rcyl) that only
3 Right in the sense of reproducing the observed properties of
galaxies.
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depends on the initial spherical radius, rinit, and on the
cylindrical radius, rcyl,
Σinit(rcyl) = 2ρinit
√
r2init − r2cyl, (9)
with ρinit being the constant initial mass density. Hence
the models are initially morphologically unrelated to late
type galaxies, which are rotationally-supported expo-
nential disks. So if a disk galaxy forms, it forms because
of the dynamics and not because of the initial distribu-
tion of gas.
3.1. Initial conditions
The initial conditions used may be viewed to be a
first rough approximation of an early-Universe gas cloud,
which is gravitationally unstable. Later work will inves-
tigate initially turbulent gas clouds. We emphasize that
the initial conditions used here are not based on stan-
dard cosmology, as it would be unlogical and unphysi-
cal to use initial conditions from the LCDM model in a
model of galaxy formation without dark matter. In par-
ticular, since possible parent theories of MOND might
be inherently non-local, using e.g. the high-z power
spectrum in a MOND context is practically impossible,
and we need to use some initial conditions, which are
likely to not be very unphysical (i.e. pure gas clouds).
Ultimately, by studying which initial conditions lead to
which types of galaxy, we should be able to constrain
MONDian cosmological theory.
Here it is assumed that neutral gas clouds form by a
redshift of about 15 to 50 (Barkana & Loeb 2001). The
calculations thus begin with a neutral cloud with the
following initial properties (see also Table 1). The an-
gular momentum of the gas cloud is expected to result
from its internal motions as it cools and begins to col-
lapse and from tidal torquing. In the past, the angular
momentum of galaxies has been associated with tidal
torquing (Efstathiou & Jones 1979; Wesson 1985; Voglis
1994; Catelan & Theuns 1996). In the models explored
here a very simple initial law, which significantly differs
from that of galaxies, is assumed in order to ascertain
that the properties of the final galaxies are not assured
through the specific initial conditions.
The models start as a constant-density sphere of gas,
where the initial rotation velocity has a radial depen-
dence,
vi(r) = η (r× 1z) , (10)
with η being an angular velocity parameter, r the ra-
dius vector, vi the initial rotation velocity vector and
1z the unit vector in the direction of the z-axis. This
is motivated by the first Larson relation (Larson 1981),
which relates the velocity dispersion of a molecular gas
cloud proportionally to the radius. Only three parame-
ters are available to change the model: η for the initial
rotation velocity distribution, the initial 3D radius, rinit,
and mass, Minit, of the sphere. Important to note here
is that the initial velocity and density distribution are
vastly different from those of observed disk galaxies.
The starting temperature of the gas is T = 104K and
the density threshold for star formation to take place is
set to ρstar = 0.1Hcm
−3 with a star formation efficiency,
sfe, of 5% (Dubois & Teyssier 2008). Also all models
evolve in isolation and there is no UV-background ra-
diation. The initial density is equal for all simulations
with a value of ρinit = 7.83 × 10−3Hcm−3. To mimic
isolation the density of the intergalactic medium out-
side the gas sphere is set to ρIGM = 10
−5 × ρinit such
that after the collapse of the gas cloud, further accretion
from the ambient intergalactic medium onto the formed
galaxy is not significant. The minimum mass of a stellar
particle is M? ≈ 3× 104M.The initial metallicity is so-
lar, except for M1Zpoor and M1Zpoorsn, and constant
throughout the simulations. The maximum resolution
for most simulations is 234.375pc (for M1l11 and M1l13
see Tab. 1), which is the length of the smallest grid-
cell and the size of the coarsest grid-cell (the simulation
box itself) is set to 960kpc. Milgrom’s constant is set to
a0 = 1.12×10−10ms−2 within the code. Supernovae and
sink particles will be discussed later, when such models
are explained (Sec. 4.1).
15 different models were calculated for this work with
the following properties (see also Tab. 1):
• M1 assumes simple cooling/heating and no addi-
tional or more complex baryonic physics, such as
e.g. supernovae. It starts with Minit = 6.4 ×
109M, rinit = 20kpc and η = 1.44kms−1kpc−1
and is simulated with the MONDian Poisson
solver.
• M1sn has the same initial conditions as M1 with
the addition of supernovae, sink particles and ex-
plicit radiative transfer.
• M1N also is initially identical to M1, but it is sim-
ulated with the Newtonian Poisson solver.
• M1const is set up with a different (constant) initial
rotation law with η = 0.1(kpc/r)×65.6kms−1 and
is otherwise identical to M1.
• M1Zpoor and M1Zpoorsn are M1 and M1sn with
lower metallicity Z = 10−4 × Z.
• M1l13 and M1l11 are M1 with a higher and smaller
maximum refinement level respectively and there-
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Table 1. Initial conditions of all models. The first column shows the name and number of the model, the second one the
initial mass, the third the initial radius of the sphere, column 4 shows the initial velocity parameter η, column 5 which options
are added/changed (sn=supernova, sink=sink particles, rt=radiative transfer, Z=metallicity, resmax=maximum resolution) and
column 6 gives information about which Poisson solver is used. Note that η for model M1const has the units kms−1, because
it starts with a constant rotation velocity throughout the whole sphere of gas.
Model Minit rinit η Additions Poisson
name/no. [109M] [kpc] [kms−1kpc−1] solver
M1/1 6.4 20 1.44 - MOND
M1sn/2 q q q sink,rt,sn q
M1N/3 q q q - Newton
M1const/4 q q 6.56kpc - MOND
M1Zpoor/5 q q 1.44 Z = 10−4z q
M1Zpoorsn/6 q q q Z = 10−4z q
sink,rt,sn
M1l11/7 q q q resmax q
= 468.75pc
M1l13/8 q q q resmax q
= 117.19pc
M2/9 21.6 30 0.39 - q
M2sn/10 q q q sink,rt,sn q
M2N/11 q q q - Newton
M3/12 q q 0.96 - MOND
M3sn/13 q q q sink,rt,sn q
M4/14 100.0 50 0.58 - q
M4sn/15 q q q sink,rt,sn q
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fore different maximum resolution, resmax =
117.1875pc and resmax = 468.75pc.
• M2: Minit = 21.6 × 109M, rinit = 30kpc, η =
0.39kms−1kpc−1
• M3: Minit = 21.6 × 109M, rinit = 30kpc, η =
0.96kms−1kpc−1
• M4: Minit = 100 × 109M, rinit = 50kpc, η =
0.58kms−1kpc−1
• The name convention for M2, M3 and M4 is iden-
tical to M1, so sn means with sinks, supernovae
and radiative transfer and N means with the New-
tonian Poisson solver. Only Minit, rinit and η are
different.
3.2. Galaxy models
The initial collapse time is similar for all models, ex-
cept for the Newtonian ones (this will be further dis-
cussed in Sec. 4.7), ≈ 0.5Gyr. So after approximately
0.5Gyr the spheres collapse and form a rotating dense,
thin disk with less-dense gas surrounding it. All figures
and videos of the simulations are made by projecting
the relevant property of the galaxy onto the respective
plane (edge-on/face-on view), i.e. a figure consists of
equally sized cells (0.46875 × 0.46875kpc2) and for ev-
ery figure-cell the mass weighted average of the stellar
surface mass density and the gas density, along the axis
that is not shown, is computed.
During the collapse stellar particles form a thin,
dense disk with a stellar halo surrounding the centre and
a less dense component in the outskirts. Very shortly
after the formation of the disk-like structure, a spiral
pattern arises, which is especially visible in the gaseous
component (face-on).
Until the end of the simulation (10Gyr) the appear-
ance of the galaxy does not change much, but it spreads
radially, especially the less dense gaseous component
does so. A spiral pattern in the face-on view of the
gas remains, while the stellar component shows a very
dense core (face-on) and a thin, dense disk surrounded
by a flattened stellar halo (edge-on), see for example Fig.
1.
The left panel of Fig. 2 shows the rotation curve of
M1 (red crosses) and the ’pristine’ MOND rotation curve
(Eq. 2, purple boxes) after 10Gyr. The rotation curve
is calculated by averaging the cylindrically radial accel-
erations of the stellar particles in radial bins of 500pc
and then computing the circular velocity according to
vc =
√
ar, with a being the acceleration and r the ra-
dius of the radial bin. The uncertainties are calculated
from the scatter around the average value of the acceler-
ation in the bins and then propagated by Gaussian error
propagation.
The ’pristine’ rotation curve is calculated by using Eq.
2, assuming circular motion and calculating the Newto-
nian circular velocity beforehand. In general the rela-
tion between g and gN is equivalent for QUMOND and
Milgrom’s law up to a curl field correction (Brada &
Milgrom 1995), so every difference between the two ro-
tation curves shows directly the effect of this curl field.
Therefore, comparing the rotation curve of the simula-
tion (QUMOND) with the ’pristine’ rotation curve (ap-
proximation that stems from Milgrom’s law) not only
shows the effect of the curl field, but also how signifi-
cant this curl field correction is.
As is evident from Fig. 2 the rotation curve rises
steeply in the centre (r < 1kpc), decreases afterwards for
approximately 2kpc, this being the Newtonian regime,
and then becomes flat for the majority of the galaxy
as indicated by the fit. To calculate the asymptotically
flat rotation velocity of the galaxy, vrot,flat, a constant
fit function,
c(r) = vrot,flat, (11)
is used here, which results in vrot,flat = 103.03 ±
0.19kms−1 for M1. The fit is performed for 3 < r/kpc <
20 (all fits with Eq. 11 are calculated from the beginning
of the flat part of the rotation curve until the end of the
stellar disk, which changes depending on the model).
The differences between the ’pristine’ curve and the
measured curve are most prominent in two regions of
the galaxy. First around 3kpc away from the centre,
where the rotation velocity decreases significantly com-
pared to the initial peak, but is still outside the flat part
of the curve and the second region is the end of the stel-
lar disk, where the measured rotation velocity increases
again slightly in contrast to the behaviour of the ’pris-
tine’ curve.
The left panel of Fig. 3 shows the surface mass den-
sity distribution, Σ, of stars, gas and the sum of both
after 10Gyr. Σ is calculated by adding the mass of ev-
ery star or gas-cell within a radial bin and dividing the
total mass of the bin by its area. The uncertainties are
Poisson uncertainties. Both the stellar and gaseous sur-
face mass distributions are fitted by a simple exponential
function to verify whether exponential disks form during
the simulation. The function
Σexp(r) = n× exp(−r/re) (12)
is used, with n being the normalization and re the ra-
dial exponential scale length. For Σstars only the stellar
disk is used for the fit, meaning that the central part
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Figure 1. M1sn after 8.45Gyr shown face-on (top panels) and edge-on (bottom panels). Left panels: Gas-density, ρ, of M1sn
colour-coded as indicated by the scale on the right of the plot. Also, a void-like structure can be seen near the centre, which is a
’recent’ supernova explosion (top left panel). Right panels: Stellar surface mass density, Σ, plotted with the same colour-scheme
as ρ. For movies of the formation of these galaxies see Youtube entry:”Formation of disk galaxies in MOND by Nils Wittenburg”.
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(r < 2kpc) as well as radial bins with less than 10 stel-
lar particles are neglected. Σgas is fitted outside of the
stellar disk to trace the outer mass distribution of the
galaxy. Indeed, both components show a radial expo-
nential profile, so the total surface mass density is essen-
tially the sum of two exponential profiles. The inner part
of the galaxy is dominated by the stellar particles, there-
fore Σtot decreases according to Σstars until it becomes
smaller than the surface mass density of the gas. At
that point the decrease becomes shallower and Σtot fol-
lows Σgas. This is also reflected in the different exponen-
tial scale lengths of the stellar and gaseous distribution:
re,stars = 1.61±0.04kpc and re,gas = 5.75±0.06kpc. The
exponential scale lengths of every model are discussed
in more detail in Fig. 18 with additional properties of
the models, while the numerical values of all fit parame-
ters are shown in the Appendix. The more extended gas
disks result from the star-formation condition not being
fulfilled at larger radii such that the gas is not consumed
there, while in the inner regions (the region occupied by
the stellar particles) star formation has consumed the
vast majority of the gas.
It should be noted here that observed galaxies show
exponential stellar surface mass density profiles, so it
is a major result that this very simple simulation with-
out complex baryonic physics is showing a similar be-
haviour. What is more, it is also noteworthy that all
galaxy models form an exponential disk shortly after
their collapse (roughly 0.5 − 1Gyr after the computa-
tion begins). Additionally we want to stress that the
occurrence of exponential radial profiles in star-forming
rotationally-supported galaxies is still an unsolved prob-
lem. There are several different approaches attempting
to account for the observed exponential surface density
profiles, such as: Inclusion of scattering of stars in ide-
alised models by Struck & Elmegreen (2017) generates
thick and warm-to-hot stellar disks, while a phenomeno-
logical model of cloud disruption launching gas to large
distances suggests the settling of the gas into an expo-
nential disk which may form stars (Struck & Elmegreen
2018). Although potentially promising, such models of
baryonic processes remain, to some degree, ad hoc.
After the discussion of M1, the differences between
models computed with simple and more complex bary-
onic physics will be shown in the following.
4. RESULTS
In this section the resulting galaxies are analysed.
4.1. Impact of different physical processes
In order to understand the role of including more com-
plex baryonic physics in galaxy formation and evolution
within the MONDian framework, identical simulations
were carried out with different physical processes in-
volved.
The ”simple” model (M1) was calculated with star for-
mation and simple cooling/heating, while for the ”com-
plex” model (M1sn) star formation, radiative transfer,
sink particle formation and supernova explosions are en-
abled.
The density threshold for the sink particle formation
was set to 2.77Hcm−3, such that the Jeans-length is
resolved by at least 4 grid cells. The parameters for
the implementation of the supernovae were taken from
Dubois & Teyssier (2008) and Teyssier et al. (2013). The
supernova scheme in RAMSES injects the kinetic part
of the energy as spherical blast waves with the size of
galactic superbubbles (here rSN = 150pc). If the energy
would be injected only as thermal energy, then most of
it would be radiated away very quickly and the effect of
the supernovae on the kinematics of the stars and the
gas would be minor.
After the collapse, both show a dense disk in the
gaseous and stellar component with a low density en-
vironment as well as a dense stellar core. Differences
can be seen in the extent of the low density environ-
ment in the gaseous component and a spiral pattern is
evident in the gas-disk of M1 seen face-on, while M1sn
does not show this pattern shortly after the collapse.
The differences between both models most likely stem
from supernova explosions, as they make the gas more
turbulent, so that early on no spiral pattern can form
in model M1sn. The gas is also spread wider, so low
density gas can be seen at larger radii.
After 10Gyr both models are still morphologically
quite similar. Both show a spiral pattern in the gaseous
component face-on and the stellar components look
nearly identical. The only major difference is the verti-
cal extent of the gas, because supernovae push the gas
in every direction in M1sn, while for M1 the gas stays
within the disk.
Figs. 2 - 3 show the comparison of the analysis of
the two simulations. The inner non-flat part of the ro-
tation curves depicts the major difference between the
two models, which can be explained by the effects of su-
pernova explosions on the gas in M1sn which heat the
gas thereby reducing the central deep collapse of the
baryons. At the radius near 4kpc the surface mass den-
sity increases for model M1sn in contrast to the slow
decrease that can be seen for model M1. Most of the
supernovae take place in the centre of the model, so the
gas-density is decreased significantly in this region and
therefore the surface mass density rises again to a certain
degree outside of the centre. This also leads to a differ-
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Figure 2. Rotation curves of both models with rinit = 20kpc shown in red, vc,acc, and the ’pristine’ rotation curve of the
respective model in purple. vc,acc shows the rotation velocity calculated from the mean radial acceleration in the respective
radial bin.Left panel : M1, Right panel : M1sn. See text for further detail on the computation and analysis.
Figure 3. Surface mass density profiles of both models with rinit = 20kpc. Left panel : M1, Right panel : M1sn. The red points
correspond to the stellar surface mass density, the green ones to the surface mass density distribution of the gas and the blue
ones show the total baryonic surface mass density distribution. The lines show the respective exponential fit to data.
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ence in the gravitational potential and so to a difference
in the rotational velocity. Also, this is the region, where
both models deviate most from their ’pristine’ curve. In
general the transition-region between the flat part of the
rotation curve and the decreasing flank after the peak
is mostly influenced by the curl field correction, which
will be underlined further in the following sections.
Apart from the different distributions of gas in the
centre, the surface mass density distributions are quan-
titatively in agreement. Both models show a steep de-
crease at the centre for the first few kpc, after which
Σstars exponentially decreases. In the outer parts of the
galaxy Σgas becomes greater than Σstars and it decreases
also exponentially. So both components for both mod-
els show exponentially decreasing profiles except in the
centre. What is more, the exponential scale lengths are
also slightly, but not substantially different, because of
the redistribution of gas due to supernovae, leading to
re,stars,M1 = 1.61±0.04kpc, re,stars,M1sn = 1.82±0.06kpc
and re,gas,M1 = 5.37 ± 0.10kpc, re,gas,M1sn = 6.28 ±
0.09kpc.
Although the supernovae have an obvious impact on
the simulation, the values of the rotation velocity in the
flat part of the two rotation curves are very compara-
ble, vrot,flat,M1 = 103.03 ± 0.19kms−1, vrot,flat,M1sn =
99.98± 0.09kms−1, the fits (Eq.11) being obtained over
3 < r/kpc < 20 and 6 < r/kpc < 15.5 respectively.
All in all both models are very similar, despite the dif-
ferences that a simulation with and without supernova
explosions has, e.g. supernovae lead to a larger extent of
the gaseous component, a higher gas fraction and there-
fore lower mass in stellar particles.
The next step is to see whether different initial val-
ues of the rotation velocity parameter, η, or a different
initial rotation law changes the properties and the mor-
phology of a model.
4.2. Comparison between different initial rotation laws
In this section the impact of different initial rotation
laws and η will be examined.
The comparison is shown in Fig. 4 & 5. Four models
are compared (M1, M1const, M2, M3) and the differ-
ences between M1 and M1const and between M2 and
M3 are discussed. All initial parameters can be seen
in Table 1. M2 and M3 assume a more extended and
more massive gas cloud than M1, whereby M3 rotates
faster than M2. M1const has a constant rotation veloc-
ity throughout the cloud.
Differences can be seen already after the collapse of
the gaseous sphere. The collapse of M3 is not as smooth
as the one for M2, because three dense clumps form prior
to the formation of the whole galaxy, due to the higher
rotation velocity than for model M2. These clumps
encounter each other and merge asymmetrically, so an
asymmetric, rotating gas distribution forms around the
dense disk. Also, the whole galaxy is more extended (es-
pecially the stellar component), which is shown clearly
in the rotation curve and the surface mass density dis-
tribution (Fig.4 and Fig.5 respectively).
Despite these initial differences, the evolution of both
models is very similar. Both form a thin, rotating, dense
disk in both components.
M1const is initially different to all other models, be-
cause the initial rotation velocity distribution is con-
stant, vi = 6.6kms
−1. Therefore the collapse of the
sphere at the beginning of the simulation is more violent,
because especially the infall of gas from the outermost
radii is not slowed down by a higher rotation velocity.
So, compared to M1, M1const is overall smaller, which
is in agreement with the findings from the comparison
between M2 and M3.
Not only the initial collapse is different depending
on the initial rotation velocity, but also the radial ex-
tent of star formation differs, as the rotation curve of
M3 reaches radii that are 10kpc larger than the one for
M2, while the stellar disk of M1 reaches out approxi-
mately 5kpc further than the disk of M1const. M1const
and M2 have higher peak-rotation-velocities compared
to M1 and M3 respectively and the effect of the curl
field correction is most prominent in the region directly
after the peak and before the flat part, although the
rotation curve of M3 is nearly identical to its ’pristine’
curve. The flat rotation velocities are very compara-
ble between M1 and M1const and between M2 and M3,
but not identical as the mass within the stellar disk
varies slightly due to different extents and gas densi-
ties, vrot,flat,M2 = 142.41 ± 0.46kms−1, vrot,flat,M3 =
140.35 ± 0.21kms−1, vrot,flat,M1 = 103.03 ± 0.19kms−1
and vrot,flat,M1const = 104.50 ± 0.14kms−1. The corre-
sponding ranges for the fits (Eq. 11) are 3 < r/kpc < 20
(M1), 10 < r/kpc < 15.25 (M1const), 10 < r/kpc <
18.25 (M2) and 20 < r/kpc < 26.75 (M3)
Similar to the models shown in the last section, the
surface mass density profiles for the stellar and the
gaseous component are exponentially decreasing. Also,
the difference in the extent of the stellar component is
visible via the slope of the fit of this component, while
the fit of Σgas for every model shows that the surface
mass density distribution of the gas varies as well, which
is shown by the exponential scale lengths in Table 2.
Hence, changing the initial rotation velocity or the
rotation law to a constant one does not alter the fact
that a flat rotation curve and an exponentially decreas-
ing disk is obtained. However, the initial collapse is
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Figure 4. Comparison of the rotation curves between models with different rotation laws (top) and different values of η
(bottom). From top left to bottom right: M1, M1const, M2 and M3. See text for further detail.
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Table 2. exponential scale lengths of M1, M1const, M2 and
M3 for the stellar and gaseous surface mass distributions.
Model name re,stars[kpc] re,gas[kpc]
M1 1.61± 0.04 5.75± 0.06
M1const 1.19± 0.01 6.44± 0.07
M2 1.35± 0.01 7.24± 0.16
M3 1.98± 0.02 7.79± 0.10
different, which changes the morphology (especially the
radial extent/scale-length) and accordingly the density
distribution. This suggests that low surface bright-
ness galaxies result from collapsing gas clouds with high
specific angular momentum. As a side remark, note
that, initially, we have constant temperature and den-
sity, so constant pressure. Different initial temperatures,
and/or different profiles might also lead to slightly dif-
ferent collapse patterns.
4.3. Comparison between Newtonian and MONDian
models
Due to the fact that exponential stellar surface mass
density profiles occur in all the here calculated MON-
Dian galaxy models and for the purpose of testing the
correct behaviour of the code and the role of the grav-
itational law, M1 and M2 were simulated again, while
only using the Newtonian Poisson solver, but still with-
out dark matter.
Fig. 7 and Fig. 6 show, respectively, the sur-
face mass density profiles and the rotation curves of the
equivalent Newtonian and MONDian models. First of
all, the rotation curve of the Newtonian models show
no flatness but a Keplerian decrease, which is expected
and demonstrates that the code works properly in this
regard. On the other hand, the majority of the rota-
tion curves of the MONDian models are flat, as seen
before. Also, the measured rotation curves of the New-
tonian models are very close to the theoretical spherical-
equivalent curve, vc,N (purple boxes), which are calcu-
lated by using the mass inside the respective radius,
M(< r). Comparing vc,N with the MONDian curves
reveals that the centre of M2 lies within the Newto-
nian acceleration regime of our interpolating function,
because the curves overlap in this region. Contrary to
that, the accelerations in M1 do not reach values well
above 10−10ms−2, as the curves never meet. This over-
lapping region depends on the depth of the potential and
extends further in radius the more massive a model is.
Of course, the gap between the MONDian rotation curve
and the theoretical Newtonian one increases with radius,
because the rotation curves become asymptotically flat
for M1 and M2, while the theoretical Newtonian curves
show a Keplerian decrease.
Qualitatively the comparison of the surface mass den-
sities shows an encouraging result, as the stellar sur-
face mass density profile of the Newtonian models do
not show an exponential profile, but are rather curved.
However, Σgas shows an exponentially decreasing pro-
file similar to the simulations done with MOND, but
with a slower radial falloff, therefore leading to different
exponential scale lengths, re,gas,M1 = 5.37 ± 0.10kpc,
re,gas,M1N = 9.62 ± 0.11kpc and re,gas,M2 = 7.24 ±
0.16kpc, re,gas,M2N = 8.55± 0.13kpc.
Although the forces for the two gravitation laws are
different, when using the same mass content, it is still
noteworthy that Σstars is decreasing exponentially for
all models simulated with the MONDian Poisson solver,
while the Newtonian models do not show this behaviour.
This indicates that the natural appearance of expo-
nentially decreasing stellar surface mass density profiles
seems to be a feature of the MONDian framework and
not a feature of the initial conditions.
4.4. Initial size/mass limit
As seen in Fig. 4 & 5, the slope, η, of the rotation law
used here changes the size of the computed galaxy no-
ticeably in contrast to the subtle differences that occur
by using more complex baryonic physics. Furthermore
the models are not only sensitive to the slope of the ini-
tial rotation law, but also to rinit and Minit. The models
M4 and M4sn show significantly different stellar surface
mass density profiles and formation histories compared
to all other simulations.
Again, the initial collapse is very important for the
evolution of these models. M4 and M4sn have nearly
five times more mass than even the intermediately mas-
sive models, but they are collapsing into a comparably
sized region. Therefore the collapse itself is more vio-
lent and dense and more stars are formed that have an
elongated orbit. Also, many more stars are outside of
the dense disk, which leads to a more populated and
more extended lower density stellar component. Fur-
thermore, like for M3, several dense clumps form very
shortly before the overall collapse happens, but in ad-
dition to that in M4 one dense spiral-arm-like structure
drifts away from the collapse and small satellites form
out of it, which collide with the galaxy at about 6Gyr af-
ter the start of the simulation. Supernovae seem to sup-
press the formation of these elongated dense clouds and
also weaken the collapse overall, but still a small satel-
lite forms during the collapse and merges very shortly
afterwards with the main galaxy in M4sn. Considering
the stability criterion for disks in MOND (Banik et al.
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Figure 5. Comparison of the surface mass density distributions between models with different rotation laws (top) and different
values of η (bottom). From top left to bottom right: M1, M1const, M2 and M3. See text for further detail.
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where cs is the sound speed of the gas, ν ∝
√
a0/|gN| the
transition function, Σ the surface mass density, K0 =
d ln[ν(y)]/d ln(y) at y = gN0/a0, where the subscript 0
for gN0 and K0 indicates that these are unperturbed val-
ues (see Banik et al. 2018a) and Ω2r = −3gr/r−∂gr/∂r,
the formation of clumps for the more massive models, in
contrast to M1 for example, becomes clearer. Eq. 13 can
be approximated using the analytical proportionalities
of ν,Σ and Ωr, as the rest is constant. With ν ∝ r/
√
M ,
Σ ∝ M/r2 and Ωr ∝ vrot/r ∝ 4
√
M/r, QMOND scales as
1/ 4
√
M , which shows that there is a mass limit above
which multiple fragments are likely to form for a given
sound speed, cs. In reality this is more complicated due
to the explicit form of ν, Σ and Ωr, which for example
can then lead to central instabilities and the formation
of a bulge, while the outer disk is stable.
The comparison between M4 and M4sn is shown in
Figs. 8 & 9. Although the initial collapse in M4 and
M4sn gives rise to the formation of small satellites and
a very extended stellar density profile, it does not effect
the rotation curve. As for every other model simulated
with the MONDian Poisson solver, the rotation curve
flattens in the outer part of the galaxies. The rotation
curve of M4 is nearly identical to the ’pristine’ curve
except in the very centre, while deviations are also ap-
parent in the transition region for M4sn.
The major difference of M4/M4sn to all other mod-
els is the surface mass density distribution. The de-
crease for Σstars is shallower than for the less massive
models, because the low density stellar component is
very populated and extended to a degree where Σstars
nearly becomes flat at about 50kpc. Furthermore Σstars
is higher than Σgas within a radius of 50kpc, which can
be explained by the low gas fractions of the two models,
fg,M4 = 0.04 and fg,M4sn = 0.05. The central galaxy
(not the satellites) forms partially from mergers of the
smaller satellites during and shortly after the initial col-
lapse and the resulting stellar surface mass density pro-
file ceases to be a simple exponential profile. This sug-
gests that galaxies, which do not have a single exponen-
tial stellar surface mass density profile, may have been
partially formed by baryonic mergers.
Increasing the initial mass further will lead to more
satellites and an even more violent collapse, so there
seems to be a limit for the formation of isolated galaxies
from a single rotating gas cloud with insignificant later
accretion of additional gas. Moreover, the formation of
dense clumps prior to the collapse can be enhanced by
increasing the initial mass and also by increasing η. If
both are done, it is possible to not only produce satel-
lites, but groups of galaxies, which will be shown in a
forthcoming contribution (Wittenburg et al. in prep.).
To test whether our models that show an exponen-
tially decreasing stellar surface mass density profile are
compatible with observations, we compared our models
with the size-mass relation (Lange et al. 2015),
reff = 0.13(Ms)
0.14
(
1 +
Ms
14.03× 1010M
)0.77
, (14)
where reff is the effective radius with reff = 1.678re for
exponential disks (where re is the scale-length) and Ms
the stellar mass.
Fig. 10 depicts the reff − Ms relation from
Lange et al. (2015) (black line) with the uncertainty
shown as the grey area, our models are colour-coded
as indicated by the key (the sn models are shown with
the respective darker colour and the Newtonian with
lighter colour, e.g. M1=green, M1sn=dark-green and
M1N=light-green) and the Milky Way is depicted with
a mass estimate from Banik & Zhao (2018) and the scale
length measurement from Mor et al. (2018).
Indeed, most of our models follow the observed rela-
tion within the uncertainties, when using the effective
radius, which is based on the exponential fit to the stel-
lar disk. When using the stellar half-mass radius, rh,
the distribution looks similar, but it is offset to too low
radii. There are two important results that emerge from
these different distributions. First, the surface density
profiles of the stellar disks of our models are compatible
with observed ones. Second, because reff is defined as
the half-mass radius of a purely exponential disk, the
discrepancy between reff and rh should be much smaller
if at all evident in disc-dominated galaxies. Because
reff > rh here, our models have a somewhat massive
central region, which may stem from the formation pro-
cess, as the galaxies do not grow, but form in practically
one monolithic collapse. These compact bulges may also
be related to the observed red nuggets (de la Rosa et al.
2016). This feature of our models will also be impor-
tant in Section 4.6, where we show that they slightly
lack stellar angular momentum.
Important to note here is that it is a priori not clear
that MONDian models should follow the size-mass rela-
tion, but this appears to be the natural result in MOND.
4.5. Star formation history and gas-depletion time
Although the structure and morphology of the present
models is very comparable to real galaxy discs (see also
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Figure 6. Comparison between rotation curves of MONDian and Newtonian simulations for two different initial conditions.
From top left to bottom right: M1, M1N, M2 and M2N. See text for further detail.
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the comparison between observational scaling relations
and the data of the models in Sec. 5), the simplicity of
the initial conditions, i.e. a collapsing gas-sphere with
insignificant further accretion of gas, gives rise to a dif-
ferent star formation history compared to observations
of real galaxies.
The left panel of Fig. 11 and Fig. 12 shows the star
formation history of M1 and M1N respectively. The
star formation rate (SFR) is calculated by separating
all stellar particles in bins of 100Myr according to their
age, summing up the stellar mass in every time-bin and
dividing this by the length of the time-bin.
The SFR increases sharply at the time of the collapse
of the sphere until the maximum is reached (the halo
forms during this time) and then it decreases exponen-
tially as shown by the fit. The function
h(t) = e× exp(−t/te), (15)
with e and f being the fit-parameters, is used to fit the
first (green line, 1) and second (blue line, 2) part of the
decline for M1, and for M1N the second part is fitted by
a constant, c. This results in te,M1,1 = 0.55 ± 0.02Gyr,
eM1,1 = 14.67 ± 0.56Myr−1, te,M1,2 = 2.53 ± 0.06Gyr,
eM1,2 = 0.47 ± 0.02Myr−1 for M1 and in te,M1N,1 =
0.57 ± 0.02Gyr, eM1N,1 = 33.46 ± 4.10Myr−1, cM1N =
0.02± 4× 10−4Myr−1 for M1N.
The right panel of Fig. 11 and Fig. 12 shows the gas-
depletion time of M1 and M1N at every output-time.
tgas,d(t) =
Mgas(t)
SFR(t)
. (16)
tgas,d(t) corresponds to the time it would take to convert
the remaining gas-mass, Mgas, at time t with the SFR
at that time into stellar particles.
The evolution of the gas-depletion time is very similar
to the SFH (just inverted), so the initial collapse corre-
sponds to the minimum at the beginning of the curve,
after that tgas,d rises exponentially until most of the gas
has been consumed, then the increase becomes shallower
or, in the case of M1N, tgas,d becomes constant. The ex-
ponential parts (directly after the collapse: green line,
shallower/constant part: blue line) are again fitted by a
simple exponential function, g(t),
g(t) = i× exp(t/j), (17)
where i and j are the fit parameters. The constant part
of M1N is also again fitted by a constant, c. The results
are jM1,1 = 0.85 ± 0.02Gyr, iM1,1 = 0.36 ± 0.02Gyr,
jM1,2 = 3.17 ± 0.08Gyr, iM1,2 = 4.24 ± 0.21Gyr for M1
and in jM1N,1 = 0.84±0.02Gyr, iM1N,1 = 0.32±0.04Gyr,
cM1N = 117.92 ± 2.27Gyr for M1N. Again, indices
1 and 2 correspond to the steeper (green) and shal-
lower/constant (blue) part respectively (the SFH and
the evolution of tgas,d for every model can be seen in the
Appendix of the arXiv version of this paper).
Observed galaxies show a mildly decreasing SFR with
cosmic time (Speagle et al. 2014), such that the present-
day gas depletion times are independent of galaxy mass
and about 2.8Gyr (Pflamm-Altenburg & Kroupa 2009).
Galaxies therefore need to accrete gas accordingly. This
is different for the models computed here, because there
is no reservoir of gas surrounding the model galaxies
such that accretion of gas is insignificant and so the
gas-density in the galaxy model decreases continuously.
Therefore the SFR decreases and the gas-depletion time
increases. In the case of M1N the gas spreads further,
due to the weaker potential compared to MOND, so
the peak of the SFH is smaller but also more extended
in time. After approximately 5Gyr the SFR and gas-
depletion time become constant in contrast to the be-
haviour of M1, because the gas-density is higher for M1N
compared to M1 due to the initial collapse not consum-
ing as much gas. This also leads to different gas-fractions
as can be seen in Fig. 18.
Fig. 13 shows the Kennicutt-Schmidt-diagram
(Kennicutt 1998) for all simulations. We adopted the
layout of Fig. 15 of Bigiel et al. 2008, as they further in-
vestigated the relation between the star-formation-rate-
density, ΣSFR, and the gas-surface-mass-density, Σgas,
and to compare their results with our data. Σgas is cal-
culated by averaging the gas-surface-mass-density over
the stellar disk and ΣSFR shows the SFR from e.g. Fig.
11 divided by the area of the stellar disk.
The diagonal dotted lines in Fig. 13 correspond to
star-formation-efficiencies of 1%, 10% and 100% as in-
dicated in the plot, meaning that these lines show the
star-formation-rate needed to turn 1%, 10% or 100% of
the remaining gas-mass into stars within 108yr. The two
vertical black and dotted lines show the limits Bigiel
et al. (2008) established to divide three distinctly dif-
ferent regimes in the ΣSFR-Σgas-plane. The left verti-
cal line corresponds to the saturation of HI at a sur-
face density of Σgas ≈ 9Mpc−2, while the second line
at Σgas ≈ 200Mpc−2 is the transition from ”normal”
galactic SFRs to starburst galaxies (see Bigiel et al.
(2008)). The green line shows the best fit, equation (4),
of Kennicutt (1998),
ΣSFR
(
Myr−1kpc−2
)
(18)
= (2.5± 0.7)× 10−4
(
Σgas
1Mpc−2
)1.4±0.15
.
The black diamonds are the two Newtonian models,
M1N and M2N, while the coloured crosses depict all
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Figure 7. Surface mass density profiles of MONDian and Newtonian simulations for two different initial conditions. From top
left to bottom right: M1, M1N, M2 and M2N. See text for further detail.
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MONDian simulations. The evolution of each model
is plotted in steps of 100Myr, while the age of every
point is shown by its colour. Similar to fig. 15 of Bigiel
et al. (2008), our simulations show a shallower increase
of ΣSFR in the central regime compared to the points
with Σgas ≤ 9Mpc−2. Due to the fact that very few of
our models reach gas-surface-mass-densities well within
the starburst regime, we cannot make any reasonable
statement for MONDian models in this regime. How-
ever, we can also confirm that the fit from Kennicutt
(1998) is offset to higher SFRs, because the author used
starburst and non-starburst galaxies in one fit, as Bigiel
et al. (2008) stated.
In general, our models are qualitatively similar to the
observational data from Bigiel et al. (2008), showing two
distinct regimes with a transition close to the HI satura-
tion line. On the other hand, the rapid evolution of our
models is also evident, as the slope in the intermediate
region, Σgas ≥ 9Mpc−2, is steeper than observed. Im-
portant to note is that also the Newtonian models show
a similar, but slightly shallower, behaviour as the MON-
Dian models, which suggests that the critical law here
is the description of star-formation itself, rather than
gravity. Additionally, we stress that we show the time-
evolution of our models, while Bigiel et al. (2008) plot
the SFR of nearby galaxies.
To investigate the evolution of the SFRs of our mod-
els from another angle and to test whether they lie near
the observed main sequence of galaxies (Speagle et al.
2014), we also plotted the star formation rate, SFR, ver-
sus stellar mass, M s, dependency. We use the function
SFRms,
4
log(SFRms(Ms)) = log
(
a
1Myr−1
)
(19)
+ b× log
(
Ms
M
)
,
with a and b being the fit-parameters, to fit our data.
The left panel of Fig. 14 shows our models di-
rectly at their peak-SFR (upper part of the plot) and
after ≈ 5Gyr compared to the observed main sequence
of galaxies of Speagle et al. (2014) at t = 0.5Gyr (red
area) and t = 5.0Gyr (violet area). We only fitted the
upper part resulting in a = 3.66 ± 0.35 × 10−9Myr−1
and b = 1.041 ± 0.004, while the distribution of the
models after ≈ 5Gyr suggests that the scatter of the
correlation increases with time. At t = 0.5Gyr the fit
to our models suggests a steeper slope than Eq. 20, but
the models lie within the uncertainties of the observed
4 Note that log ≡ log10 throughout.
relation. After t = 5.0Gyr the picture is different, as the
scatter is strongly increased and the SFR of our models
is offset by approximately two orders of magnitude com-
pared to the observed relation. The right panel of Fig.
14 shows the evolution of M1, M3 and M4 with time
in the SFR-Ms plane and the evolution of the linear fit
to all models at various times. The thin lines are the
fits from the peak SFR at ≈ 500Myr to ≈ 1.5Gyr (the
first thick, dotted line) in 100Myr steps. From that time
onwards, the stepsize is increased to 1Gyr and the last
line shows the fit at 9.5Gyr. The slopes, b, of the fits
range from 1 − 0.25, while the uncertainty from the fit
increases with time up to 85% of the fitted value. We
note that the observed main sequence of galaxies follows
log(SFR(Ms, t)) = (20)
(0.84± 0.02− 0.026± 0.003t) logMs
−(6.51± 0.24− 0.11± 0.03t),
with t being the age of the universe (Speagle et al. 2014),
such that the model result appears to be promising in
terms of possibly helping to understand the origin and
evolution of the main sequence. Clearly much more work
is required, in particular to address the issue of contin-
ued gas accretion.
Different models react differently to the depletion of
gas, due to the insignificant accretion, as indicated by
the left panel of Fig. 14. For the same η and initial
mass, there is a difference between models of approx-
imately one order of magnitude in SFR after ≈ 5Gyr
(points at the left end). For example, the highest SFR is
evident in M1l13, which is shown by the dark-turquoise
diamond. This is expected, as the density threshold for
a star-forming event to take place needs to be met in a
smaller volume compared to all other simulations. The
comparison with the Speagle et al. (2014) relations un-
derlines the fact that the SFR decreases more rapidly
than observed, which we would expect due to the lack
of further accretion. The most prominent effect of the
absence of accretion can be seen in the right panel of
Fig. 14. The evolutionary track of M4 in the SFR-Ms
plane becomes nearly vertical ≈ 300Myr after its peak
SFR, while the track of M1 shows that behaviour more
than ≈ 1Gyr later. This is a direct consequence of the
main sequence of galaxies, because the more massive a
galaxy is, the more gas it has to accrete to sustain its
SFR.
4.6. Stellar angular momentum and disk vs halo
populations, thin and thick disks
After analysing the SFH and showing that there might
be a mass and initial cloud angular momentum limit to
the single collapsing gas-sphere approach, the question
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Figure 8. Rotation curves of both models with rinit = 50kpc. Left panel : M4, Right panel : M4sn. See text for further detail.
Figure 9. Stellar surface mass density profiles of both models with rinit = 50kpc. Left panel : M4, Right panel : M4sn. The
stellar surface mass density distribution does not follow a single exponential profile as the formation of these models is dominated
by mergers of smaller satellites during and shortly after the initial collapse. The surface density profile may be approximated
by more than one exponential profile (not attempted here though). See text for further detail.
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Figure 10. The reff − Ms relation (Eq. 14) compared
with our models and the Milky Way. Our models are
coloured according to the key with darker colour indicat-
ing sn and lighter colour Newtonian models (e.g. M1=green,
M1sn=dark-green and M1N=light-green). The data for the
Milky Way is taken from Banik & Zhao 2018 (mass) and Mor
et al. 2018 (exp. scale length). The upper distribution of
points shows the relation between stellar mass and effective
radius, where the latter is based on the fit to the exponential
stellar disks, reff = 1.678re. The lower distribution shows
the same for the stellar half-mass radius, rh. Missing points
correspond to non-existing exponential stellar surface mass
density profiles, e.g. M4 (plum).
remains how the angular momentum distribution of the
stars is shaped by the simple initial conditions used here.
We note that a series of simulations of the same model
(M1) with different resolution (M1l11 and M1l13) yield
the same total angular momentum in the stellar parti-
cles within 5%.
Fig. 15 shows the ratio of the specific stellar angu-
lar momentum, jstar, and its z-component, jz,star, for all
stars (left panel) and only for old, > 8Gyr, halo/bulge
stars (right panel) against the spherical radius, rsph, for
M1 (the plots for every other model can be seen in the
Appendix of the arXiv version of this paper). The age of
every stellar particle is shown via colour from ≈ 10Gyr
(bright yellow) to a few Myr (black) as indicated by the
coloured age scale. In order to obtain the contribution
of population II particles (older than 8Gyr) to the mass
of the bulge and halo, the disk particles were sorted out.
These are assumed to have jz,star/jstar = 0.98, and an
age smaller than 8Gyr. The green line in the right panel
corresponds to the dividing line between halo and bulge,
which is defined here as the radius at which the smallest
ratio of densities in neighbouring radial bins occurs, i.e.
nstar(i)/nstar(i− 1), where i is the number of the radial
bin, is computed for all bins and the radius of bin i with
the smallest ratio within a reasonable distance to the
centre, rsph < 10kpc, is chosen to be the radius of the
bulge, rbulge.
The left panel of Fig. 15 reveals that the youngest
stars are concentrated in the centre of the galaxy and
most of them move within the disk as the contribution
of jz,star to jstar is greater or equal to 0.98. The rest
of the young stars can be found within the bulge, but
not within the halo. This is very different to observed
late-type galaxies, because especially the most massive
ones show a higher star formation rate in the disk com-
pared to the centre. On the other hand, the discrepancy
between the models and real galaxies is expected as the
models computed here do not accrete gas during their
evolution, hence the centre is the only region, where star
formation continues after the galaxy has formed.
The right panel of Fig. 15 shows the radial distribu-
tion of jz,star/jstar for all stars older than 8Gyr. The
bulge and the halo are separated by the green line, al-
though the bulge is also visible by eye, as it is the re-
gion where a significant amount of stars is not rotating
around the z-axis. Comparing the left panel with the
right one displays that there are many stars (especially
older ones) that do not move within the disk, which
already hints that there is a slight lack of stellar an-
gular momentum. This is further emphasized by Tab.
3, where the masses and mass-fractions of the halo and
bulge for all models are shown. The result is that more
than 50% of the total stellar mass is not in the disk,
which will be put into perspective in Fig. 17.
Fig. 16 shows the distribution of mass along the z-
axis, Σz, versus the vertical distance (height not thick-
ness), z, for M1. In contrast to the distribution of mass
outside of the disk, Σz is comparable to observations as
the distribution can be fitted by two simple exponen-
tial functions, which would correspond to the profile of
a thin and thick disk. For example, also the Milky Way
shows a vertical stellar mass distribution with a thin
and a thick disk. The fits are obtained with a similar
function as for the surface mass profiles,
Σz(z) = nz × exp(−z/ze), (21)
resulting in nz,thin,M1/2 × 107M/pc = 0.316 ± 0.009,
ze,thin,M1 = 0.305 ± 0.007kpc and nz,thick,M1/2 ×
107M/pc = 0.096 ± 0.004, ze,thick,M1 = 0.606 ±
0.011kpc.
There are a few differences between the models com-
puted here. Models based on M1 show a very smooth
transition between thick disk and halo, where the halo
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Figure 11. The star formation history (SFH) and the evolution of the gas-depletion time for M1. The red dots show the
model data, the green line shows the exponential fit for the first part of the decaying star formation rate (SFR) / increasing
gas-depletion time directly after the initial collapse. The blue line shows the exponential fit for the shallower part after most of
the gas was converted into stellar particles during and shortly after the collapse.
Figure 12. As Fig. 11 but for M1N.
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Figure 13. The KS-diagram for all 15 models shown
as a time-evolution, while the age is indicated by colour.
The Newtonian models are emphasized as black diamonds,
though they show the same trend as all other models. The
green line corresponds to the best fit to observational data by
Kennicutt (1998), while the vertical dotted lines correspond
to the dividing lines between different regimes according to
Bigiel et al. (2008) (see text). The diagonal dotted lines show
star formation efficiencies of 1%, 10% and 100% respectively,
meaning that 1%, 10% and 100% of the remaining gas mass
is consumed within 108yr.
can only be recognized in Fig. 16 by the increasing scat-
ter around the blue line of the thick disk fit. All other
MONDian models (i.e. based on M2, M3 and M4) show
a shallower halo profile. All Newtonian models do not
show a thick disk, but decrease according to a power law
beyond z ≈ 1kpc,
Σz(z) = az
−b, (22)
where a and b are the fit parameters for the Newtonian
models for the power law part (all vertical profiles can
be seen in the Appendix of the arXiv version of this pa-
per).
Fig. 17 depicts the Fall relation, which compares
the total specific stellar angular momentum of a galaxy,
jstar, with its stellar mass, Mstar. Note that, for this
plot, we do not compute the true specific stellar angular
momentum from individual stellar particles, but rather
estimate it exactly as for observations (Posti et al. 2018).
The magenta area with the dashed line shows the best fit
of the observational data from Posti et al. (2018), while
the black line shows the best fit for the data of the mod-
els. The same functions as used by Posti et al. (2018)
are here applied to calculate jstar and fit the data,
jstar(< R) =
∫ R
0
dR′R′2Σstar(R′)Vstar,rot(R′)∫ R
0
dR′R′Σstar(R′)
, (23)
log jstar =α[log(Mstar/M)− 11] + β. (24)
Eq. 23 and 24 are Eq. 1 and 4 of Posti et al. (2018),
where Σstar is the stellar surface mass density, Vstar,rot
the stellar rotation curve of the galaxy and α, β are
the fit parameters. Posti et al. (2018) find their best
fit with α = 0.55 ± 0.02 and β = 3.34 ± 0.03, while
the best fit for the models here is α = 0.51 ± 0.04 and
β = 3.05 ± 0.04. Fig. 17 together with these results
shows that the simulations done in this work follow the
Fall relation closely (α is compatible with observations),
but they are slightly offset to lower values of jstar. So
the slope α of the specific stellar angular momentum
is very similar to observed galaxies, but jstar is slightly
too small. A large fraction of the initial angular momen-
tum of the original cloud remains in the gas component.
This is connected to the simplistic initial conditions, es-
pecially the major collapse at the beginning and the ab-
sence of accretion, resulting in mass-concentrated cores
of the models (see again Fig. 10 and the corresponding
explanation) and hence jstar is offset from the observed
value. Such compact spheroidal components may have
been observed as red nuggets (de la Rosa et al. 2016).
This may also be partially related to the detailed subgrid
prescriptions used to form stars, that are fully applicable
in the ΛCDM framework which they were calibrated on,
but that are not necessarily applicable in MOND. Nev-
ertheless, that the model and observed values of α are so
similar is unexpected and suggests again that the forma-
tion of galaxies in Milgromian gravitation may contain
non-trivial aspects of reality.
4.7. Overview of all modelled galaxies
Fig. 18 shows an overview of the analysis of all models
at the final time (10Gyr after the start of the simula-
tion). We also include additional simulations with lower
metallicity, Z = 10−4 × Z, and higher and lower reso-
lution (117.1875pc and 468.75pc) to confirm that these
parameters have only a minor effect on our results. The
panels a to c present properties of the star formation
history, d to e of the rotation curve, j and k of the sur-
face mass density profiles and l shows the gas fraction,
fg,
fg =
Mgas
Mtot
, (25)
with Mgas being the gas-mass and Mtot the total bary-
onic mass.
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Figure 14. Left panel : The SFR-Ms plane with all models at their respective peak-SFR at the top and the distribution
of the models 5Gyr afterwards at the bottom. The black line shows the linear fit to the peak-SFR data, resulting in a =
3.66 ± 0.35 × 10−9Myr−1 and b = 1.041 ± 0.004. The colours are identical to Fig. 10 with the addition of M4=plum,
M4sn=dark-plum and the Newtonian models indicated by light colours (e.g. M2=blue and M2N=light-blue). The red and
violet areas show the observed main sequence of galaxies of Speagle et al. (2014) at t = 0.5Gyr and t = 5.0Gyr, respectively
(Eq. 20). Right panel : The evolution of the linear fit to all models shown as the dashed lines at various times (see text) and
the complete time-evolution of M1 (green), M3 (yellow) and M4 (plum).
Figure 15. Radial distribution of the ratio of the specific stellar angular momentum and its z-component for M1 after 10Gyr
with rsph being the spherical radius, jstar the specific angular momentum and jz,star its z-component. The age of every star is
shown via colour from 10Gyr (bright yellow) to a few Myr (black). Left panel: All stellar particles. Right panel: Only bulge/halo
stars that are older than 8Gyr (see text for details).
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Figure 16. Mass distribution along the rotation axis (z-
axis), Σz. The green line corresponds to the exponential fit
for the thin disk and the blue line to the thick disk, fitted in
the range 0 − 1kpc and 1 − 3kpc respectively (see text for
details).
Panel a shows the exponential star-formation decay
time of every model, which is decreasing with increasing
Minit, but increasing when using a steeper slope (larger
η) of the initial rotation law. This emphasizes the ex-
planations made earlier about how violent or strong the
collapse is. As the initial mass increases, not only the
peak height of the star formation rate increases but
also the flanks of the peak become steeper and there-
fore the exponential decay time decreases. On the other
hand, if the initial rotation velocity is increased, the
collapse is weakened and a high star formation rate is
evident over a longer period of time, so the peak broad-
ens and the exponential decay time increases. Panel b
shows that for all MONDian models the collapse takes
place at the same time, t = 350Myr, regardless of Minit
or η, while the two Newtonian models collapse later
(M1N: t = 950Myr, M2N: t = 650Myr). Panel c shows
the aforementioned trend that higher initial mass corre-
sponds to a higher peak SFR, but also that supernovae
and higher initial rotation velocities lead to lower peak
SFRs and therefore weaken the initial collapse.
Panel e is related to the findings about the star for-
mation histories, as it also shows that the peak rotation
velocity increases with initial mass, but decreases with
the addition of supernovae and steeper slopes, η, of the
rotation law used. This comes about because vrot is ob-
tained from the acceleration at the respective radii and
is therefore closely linked to the gravitational potential,
Figure 17. Relation between the specific stellar angular
momentum, jstar, of all models with their respective stellar
mass, Mstar (Fall relation, computed here as for observa-
tions). The magenta area with the dashed line shows the
observed data from Posti et al. (2018), the symbols for the
different models are shown in the legend and the black line
(Eq. 24) shows the best fit to the models. See text for further
detail.
which depends on the mass distribution. The mass dis-
tribution is shaped by the initial collapse and rotation
velocity as seen before. Panel f shows that the highest
rotation velocity is reached close to the centre of the
models and d shows that regardless of the complexity
of the baryonic physics or η, the flat rotation velocity is
nearly equal for the same initial mass, which is an alter-
native way of describing the MASR (BTFR).
The exponential scale lengths shown in panel j and k
for stars and gas respectively demonstrate that changes
of the initial mass or rotation velocity and the addi-
tion of supernovae affect the stellar and gaseous distri-
bution differently. While the stellar surface mass density
distribution steepens with increasing mass and becomes
shallower with the addition of supernovae and higher η,
the steepest gas distributions, i.e. with the smallest ra-
dial exponential scale lengths, for models with the same
Minit are evident for the ones with supernovae enabled,
except for M1Zpoorsn. Supernovae seem to push con-
siderable amounts of gas outside of the stellar disk such
that Σgas is larger directly beyond the stellar disk for the
supernova-models compared to the simple ones. How-
ever, outside of the gaseous disk, both the sn and the
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Table 3. Stellar masses and mass fractions of the bulge and the halo and also the total stellar and gas mass of every model
after 10Gyr. Note that the mass fraction of the bulge decreases the weaker the initial collapse is.
Model name
Mtot,star
109M
Mtot,gas
109M
Mb,star
109M
Mb,star
Mtot,star
Mh,star
109M
Mh,star
Mtot,star
M1 5.21 1.19 2.00 0.38 0.98 0.19
M1sn 4.33 1.69 1.75 0.40 1.07 0.25
M1N 3.72 2.66 1.34 0.36 0.75 0.20
M1const 5.88 0.52 3.19 0.54 0.60 0.10
M1Zpoor 5.12 1.28 2.11 0.41 0.86 0.17
M1Zpoorsn 4.83 1.44 1.85 0.38 0.89 0.18
M1l11 4.90 1.50 2.27 0.46 0.68 0.14
M1l13 5.36 1.04 2.53 0.47 1.16 0.22
M2 20.48 1.12 10.75 0.52 2.03 0.10
M2sn 19.47 1.82 10.25 0.53 2.26 0.12
M2N 20.39 1.19 9.79 0.48 3.55 0.17
M3 19.23 2.37 7.47 0.39 3.44 0.18
M3sn 18.38 3.03 7.27 0.40 3.35 0.18
M4 95.62 4.07 36.49 0.38 20.78 0.22
M4sn 94.90 4.91 35.51 0.37 21.73 0.23
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simple-feedback models show comparable surface mass
densities, so the slope of the supernova-models is steeper
and therefore re,gas is smaller. Moreover, a higher ini-
tial rotation velocity at the same Minit does not change
the slope of the gas distribution significantly for the
supernova-models (no. 10 and 13), but it increases the
exponential scale length for model M3 (no. 12) com-
pared to M2 (no. 9). The shallowest surface mass den-
sity profiles for the gaseous component are produced by
the Newtonian models, but this is expected, because the
gravitational force is weaker in these models, so overall
the mass distribution is more extended.
Panel l depicts the gas fraction of every model and
this again shows the expected behaviour already seen in
panel c and e. The gas fraction decreases with higher
initial mass, because the collapse is more violent and
more gas is turned into stars and it increases again with
higher initial rotation velocity and the addition of super-
novae, as these weaken the initial collapse. Real galaxies
are well known to have an increasing gas fraction with
decreasing baryonic mass, so this aspect is qualitatively
reproduced by the present models.
We also want to emphasize the differences between
the Newtonian and MONDian models, as the panels
closely related to the dynamics of the system (d,e,j,k)
show a significant difference between the two. In the
Newtonian models there is no flat rotation curve and
the peak-rotation-velocity is smaller than that of the
corresponding MOND model, the stellar surface-mass-
density-profile is not described by an exponential pro-
file, while the profile for the gas is significantly shal-
lower. Additionally, star formation starts later and the
evolution of the SFR is also shallower compared to the
MONDian models.
Although M1const is simulated with a different (con-
stant) rotation law, it underlines the aforementioned ex-
planations about the initial collapse, because the major
difference between the evolution of M1 and M1const is
the more violent collapse for M1const. As can be seen
in Fig. 18 M1const shows the expected behaviour com-
pared to M1 in every panel that is related to the initial
collapse.
At this point it is important to reiterate what has been
shown for the non-Newtonian models, before proceeding
to the next section.
• All stellar surface mass density profiles decrease
exponentially within the respective stellar disk
(except M4/M4sn).
• Changing the initial rotation velocity does not al-
ter the resulting galaxy regarding the formation of
a dense disk and an exponentially decreasing disk.
• Adding more complex baryonic physics also does
not change the fact that an exponentially decreas-
ing disk and the same shape for the star formation
history come about. Though, star formation is
slightly suppressed, because supernovae push gas
out of dense regions.
More complex baryonic physics does therefore not
yield significantly different results for the same
combination of Minit, η and rinit.
• All vertical mass density profiles show a thin and
thick disk, while distinguishable disk, halo and
bulge components within the stellar distribution
are evident.
• The models slightly lack stellar angular momen-
tum, which is linked to the initial conditions and
the absence of accretion and thus the formation
of a massive population II halo and bulge. This
may also be related to the detailed prescriptions
used to form stars, which are fully applicable in
the standard cosmological framework they were
calibrated on, but may not necessarily be ap-
plicable in MOND. There is substantial observa-
tional evidence that galactic discs can grow around
bulges (i.e. early-formed elliptical galaxies or red
nuggets) through accretion (Mancini et al. 2019;
de la Rosa et al. 2016).
These simulations with very simple initial conditions
seem to match major properties of real galaxies. Galax-
ies with a stellar halo and nearly completely flat rota-
tion curves form and exponentially decreasing disks also
seem to appear naturally within MOND.
5. THE MASR AND MDAR/RAR
After analysing the differences between simple and
more complex baryonic physics, different initial rota-
tion laws and initial masses, we finally study as a con-
sistency check, whether the models comply with the
MASR and MDAR/RAR, which arise from analytical
MOND formulations. Of course, it is well known that
these two relations should always be obeyed in MOND
as they are natural laws in this paradigm. But it is
re-assuring to see that our numerical models do com-
ply with them, since they were initialised as pure gas
clouds. The MDAR/RAR combines several scaling re-
lations including the MASR (BTFR) and has, for real
galaxies, very little to no intrinsic scatter (Lelli et al.
2017). It relates the observed acceleration, gobs, which
is obtained from the rotation curve, with the baryonic
acceleration, gbar, which is the gravitational acceleration
coming from the baryonic potential using the Newtonian
gravitational law. To compare the simulations with ob-
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Figure 18. Properties of all galaxy models at 10Gyr. The colour for every point is the same as in Fig. 10 (See Tab. 1 for
the number and description of the models), also the Newtonian models are shown as circles instead of diamonds. Panels a-c
are linked to the SFH, a: Exponential star-formation decay time (see Eq. 15), b: Time of the highest SFR, c: Value of the
highest SFR. Panels d-f show properties of the rotation curves, d: flat rotation velocity (flat part of the rotation curve, Eq. 11),
e: highest rotation velocity, f: distance from the centre at which the highest vrot occurs. Panels j and k show the exponential
scale lengths for the stellar and gas profiles respectively (see Eq. 12) and panel l shows the gas fraction of every model (Eq. 25).
Missing points imply that the model does not have the respective property, e.g. Newtonian models do not have an asymptotic
rotation velocity.
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servations, the same fit function was used and the best
fit with uncertainties of the observational data is plotted
together with the data from all models,
gobs = F(gbar) = gbar
1− e−
√
gbar/g†
, (26)
Eq. 26 here being Eq. 11 in Lelli et al. (2017), where
only one free parameter, g†, is available to fit the data.
This parameter is in MOND equivalent to a0 and F/gbar
to the interpolation function ν. The fit function could
be precisely transformed into an interpolating function
of the theory, which we could have implemented into
PoR to ensure perfect agreement between the models
and data. However, the simple interpolating function,
which we chose to use in this work, is a good approxima-
tion to the Lelli et al. fit function (Famaey & McGaugh
2012): we demonstrate this here once again.
The observational fit is shown as the red area in
Fig. 19 with g† = 1.20 ± 0.02 × 10−10ms−2 =
3.87 ± 0.06pc/Myr2 and a systematic error of 0.24 ×
10−10ms−2 = 0.77pc/Myr2. The best fit to the sim-
ulation data is the black line in panel a with g† =
1.217±0.006×10−10ms−2 = 3.92±0.02pc/Myr2, which
is well within the uncertainties of the observational
data. Note however that we do not have galaxies which
are deeply in low-acceleration regime in their central
parts, where the difference between the MDAR/RAR
and QUMOND would be expected to be more impor-
tant. The dashed black line shows gbar = gobs, which
corresponds to a purely Newtonian gravitational accel-
eration even at the lowest accelerations. As can be seen,
all Newtonian models lie on this line, which again tests
the correct behaviour of the code.
Panel b shows the MASR (BTFR), where vrot,flat is
the flat rotation velocity of the models (red points),
the blue line shows the theoretical MASR (BTFR)
in MOND within the spherical approximation (vrot =
(GMa0)
1/4
) with a0 = 1.12× 10−10ms−2, which is well
known to deviate somewhat from the true MOND pre-
dicted MASR (BTFR), as we confirm here. This is
simply due to the fact that a flattened mass distribu-
tion spins slightly faster than the equivalent spherical
mass distribution (McGaugh 2011) and that we use the
flat rotation velocity and not the true asymptotic ve-
locity. The black line shows the best fit to the model
data with uncertainties shown as the grey area and the
magenta area shows the observational data from Lelli
et al. (2016a). Again, the same fit function was used
as in Lelli et al. (2016a) (the baryonic mass, Mbar, is in
units of M, vrot,flat in units of kms−1 and A is in units
of M(skm−1)γ),
log10(Mbar) = γ × log10(vrot,flat) + log10(A), (27)
where vrot,flat is the rotation velocity of the flat part
of the rotation curve, Mbar the corresponding baryonic
mass, log10(A) the normalization and γ the slope of
the relation. Lelli et al. find γ = 3.71 ± 0.08 and
log10(A) = 2.27±0.18 and the best fit to the simulation
data is γ = 3.97± 0.04 and log10(A) = 1.78± 0.08. The
best fit including uncertainties lies within the observa-
tional constraints, while the theoretical MASR (BTFR)
in MOND is also covered by the fit.
After analyzing both relations separately, we will fo-
cus on the difference between the inputted value of a0,
a0 = 1.12 × 10−10ms−2 and the one from the RAR,
a0 = 1.217± 0.006× 10−10ms−2. There are several rea-
sons to why this discrepancy may occur: first, the two
interpolation functions used (the fit for the RAR and the
one implemented in POR) can differ up to 5% and also,
we do not expect an exact MDAR/RAR in QUMOND,
meaning that we also do not expect the best-fit value
for a0 to be exactly the same as the inputted one. Fu-
ture work performed at significantly higher numerical
resolution will allow us to revisit this problem.
6. DISCUSSION AND FUTURE WORK
In this work we carried out the first full hydrodynami-
cal simulations in a Milgromian framework to study the
formation and evolution of single galaxies. Despite us-
ing very simple initial conditions and a computationally-
constrained resolution, our results are remarkably close
to observations.
• The work shows that late-type galaxies with expo-
nentially decreasing surface mass density profiles,
thin and thick disks, bulge and population II halos
form naturally in the MOND framework.
• We compared simulations with simple and more
complex baryonic physics to analyse if the addi-
tions lead to major differences between the mod-
els. Surprisingly, the properties of simulations
with and without more complex baryonic physics
do not change significantly. This result underlines
the hypothesis that the evolution of galaxies seems
to follow a strict and simple law, where complex
but realistic feedback processes play a very minor
role (Kroupa 2015).
• We set up simulations with gas spheres having dif-
ferent initial rotation laws, which resulted in com-
parable flat rotation velocities but different spa-
tial extents and therefore different density distri-
butions.
• To check whether the occurrence of exponentially
decreasing stellar surface mass density distribu-
tions is connected to our initial conditions, we
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Figure 19. Comparison of the simulations with observed galaxy-scaling relations. Panel a shows the radial-acceleration relation
of the data obtained directly from the accelerations in the simulations and the observational data from Lelli et al. (2017) (red
area), the best fit to the data from all models (black solid line) and the purely Newtonian line, where gobs = gbar (black dotted
line). The colours of the models are shown in the legend. Panel b shows the MASR (BTFR) of the models (red diamonds), the
best fit (black solid line) with uncertainties (grey area), the MASR (BTFR) in MOND assuming spherical symmetry (blue line)
and the observational data from Lelli et al. (2016a) (magenta area).
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computed several models again with the Newto-
nian Poisson solver. Indeed only the Milgromian
models show this feature, so the different gravita-
tional theory and not the initial set up leads to an
exponentially decreasing stellar surface mass den-
sity profile.
• We also showed that the formation of a single
galaxy in isolation has its limits with our method.
Above a certain mass and rotation velocity scale,
the initial collapse produces satellites in addition
to the main galaxy and, as mentioned in Sec. 4.4,
this can also lead to the formation of a group
of galaxies (Wittenburg et al. in prep.). Ad-
ditionally, during the collapse of such models, a
few proto-galaxies form, which merge due to gas-
dissipative processes. The resulting surface mass
density profiles deviate somewhat from the single
exponential form (Eq. 12).
• The specific stellar angular momentum is slightly
too small for the models as a whole, which is con-
nected to insignificant later accretion and the sim-
ple initial conditions and may also be connected
to the detailed prescriptions used to form stars as
mentioned in Sec. 4.7. The models presented here
assume an extremely small gas density beyond the
primordial cloud such that accretion onto the col-
lapsed and evolving galaxy models is negligible.
There is substantial observational evidence that
galactic discs can grow around bulges (i.e. early-
formed elliptical galaxies or red nuggets) through
accretion (Mancini et al. 2019; de la Rosa et al.
2016).
Overall our simulations suggest that major properties
of galaxies, e.g. exponentially decreasing stellar sur-
face mass density profiles, are rather a result of the dy-
namics produced by the gravitation potential, than the
complexity of the baryonic processes in the Milgromian
framework. It will be interesting to investigate whether
the disk-internal matter and angular momentum redis-
tribution mechanism suggested by Herpich et al. (2017)
is at work here or a completely different one. Important
to note here is that these findings are somewhat surpris-
ing, as the effectively stronger gravity in MOND could
have led to compact, pressure supported systems that
are well within the Newtonian regime due to a stronger
collapse. We also began running simulations with ini-
tial fluctuation of the velocity- and density-distribution
of up to 20% of the unperturbed value. The first im-
pression is that the properties of the resulting galaxies
are not changed significantly.
The recent observation of the gas kinematics of galax-
ies at a redshift of z = 6.8 revealed that these young
objects are rotation-dominated and not as turbulent as
suggested before (Smit 2018). This supports our find-
ings that baryonic processes like supernova explosions
have a minor effect on the dynamics and morphology of
a galaxy as a whole (even for the earliest population of
galaxies).
We want to stress that all simulations done in the
MOND framework show a tight MDAR/RAR, which
compares with the observed MDAR/RAR and discs
compatible with the size-mass relation. Hence full hy-
drodynamical simulations in MOND produce objects
that show dynamics comparable to real galaxies. The
models however neither match the observed present-day
SFHs nor the observed gas consumption timescales and
have systematically slightly too small specific stellar an-
gular momentum, but they do reproduce the slope of the
Fall-relation of observed galaxies and show that more
massive galaxies have a smaller gas fraction, while also
reproducing qualitatively the same picture in the KS-
diagram as real galaxies and initially match the main
sequence of star forming galaxies.
Although the simulations done in this work are sur-
prisingly close to real galaxies in many aspects, we only
made the first steps in analysing the formation and evo-
lution of galaxies in the MOND framework. Therefore
more simulations have to be done with higher resolution,
initially turbulent gas clouds, gas accretion, an external
field and more baryonic processes (e.g. UV background
radiation) in order to compare more observational re-
sults with our simulations. The calculations presented
here show that we can hope to constrain the initial con-
ditions needed in a MONDian cosmology, which in turn
constrain such a cosmology, and these conditions will
get more precise with more detailed simulations.
What is more, the formation of massive early-type
galaxies is also not understood today, as only 3− 4 per-
cent of the observed galaxies with a baryonic mass larger
than about 1010M are ellipticals (Delgado-Serrano
et al. 2010). Amongst others, this problem will be ad-
dressed in an upcoming publication (Wittenburg et al.
in prep.), where we will show how early-type galaxies
might form in the Milgromian framework. Ellipticals
could be results of rare mergers, or collisions that strip
the outer discs. But we can already conclude that el-
liptical galaxies are an exception in MOND, since ev-
ery collapsing proto-galactic gas cloud has angular mo-
mentum. The typical outcome of galaxy formation in
MOND is therefore a rotationally supported disk galaxy,
as is also observed in the real universe (Delgado-Serrano
et al. 2010).
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APPENDIX
Table 4. Fit parameters for Eq. 12 for All Models. Missing entries correspond to nonexponential behavior.
Model nstars(Mpc−2) ngas(Mpc−2) re,stars(kpc) re,gas(kpc)
Name/No.
M1/1 168.61± 9.43 12.47± 0.93 1.61± 0.04 5.37± 0.10
M1sn/2 119.06± 7.89 8.32± 0.40 1.82± 0.06 6.28± 0.09
M1N/3 - 3.36± 0.12 - 9.62± 0.11
M1const/4 283.35± 7.53 2.05± 0.10 1.19± 0.01 6.44± 0.07
M1Zpoor/5 169.50± 12.89 8.11± 0.64 1.57± 0.06 5.77± 0.11
M1Zpoorsn/6 148.43± 7.87 8.16± 0.66 1.64± 0.04 6.32± 0.14
M1l11/7 225.42± 18.66 8.95± 0.81 1.43± 0.06 5.73± 0.13
M1l13/8 136.63± 8.92 6.50± 0.58 1.81± 0.06 6.04± 0.14
M2/9 845.68± 16.50 3.32± 0.31 1.35± 0.01 7.24± 0.16
M2sn/10 822.86± 17.59 10.55± 0.66 1.35± 0.01 5.80± 0.07
M2N/11 - 2.30± 0.12 - 8.55± 0.13
M3/12 443.41± 10.04 4.31± 0.23 1.98± 0.02 7.79± 0.10
M3sn/13 323.24± 16.04 24.02± 1.34 2.23± 0.06 5.72± 0.06
M4/14 - 20.39± 1.22 - 7.15± 0.09
M4sn/15 - 32.27± 1.54 - 6.40± 0.06
Table 5. Fit parameters for Eq. 15 for All Models. The index 1 corresponds to the first exponential part (green line) and 2 to
the second part (blue line). The second part for model M1N and M1l11 is constant, therefore fit not with Eq. 15 but with a
constant, c. e2 represents c in this case.
Model e1(MMyr−1) f1(Gyr) e2(MMyr−1) f2(Gyr)
Name/No.
M1/1 14.67± 0.56 0.554± 0.018 0.47± 0.02 2.53± 0.06
M1sn/2 8.73± 0.44 0.722± 0.035 0.46± 0.17 1.97± 0.18
M1N/3 33.46± 4.10 0.566± 0.023 0.0226± 0.0004 -
M1const/4 102.69± 9.12 0.207± 0.009 1.60± 0.09 1.03± 0.02
M1Zpoor/5 14.80± 0.59 0.550± 0.019 0.12± 0.01 3.75± 0.19
M1Zpoorsn/6 11.16± 0.43 0.630± 0.022 1.04± 0.07 2.14± 0.05
M1l11/7 16.50± 1.17 0.49± 0.03 0.015± 0.001 -
M1l13/8 13.91± 0.54 0.60± 0.02 1.73± 0.12 1.25± 0.03
M2/9 2683.14± 273.4 0.108± 0.003 0.85± 0.07 1.56± 0.05
M2sn/10 1661.98± 160.30 0.122± 0.003 3.37± 0.10 0.97± 0.01
M2N/11 14522.20± 3331.00 0.128± 0.006 8.05± 0.60 0.85± 0.02
M3/12 426.77± 32.97 0.205± 0.006 2.14± 0.08 1.52± 0.03
M3sn/13 337.91± 29.49 0.222± 0.008 2.65± 0.05 1.55± 0.02
M4/14 8740.40± 1832.00 0.122± 0.008 7.13± 0.20 1.38± 0.02
M4sn/15 5019.00± 1828.00 0.146± 0.020 2.38± 0.06 2.67± 0.03
38 N. Wittenburg, P. Kroupa & B. Famaey
Table 6. Fit parameters for Eq. 17 for All Models. The index 1 corresponds to the first exponential part (green line) and 2 to
the second part (blue line). The second part for model M1N and M1l11 is constant, therefore fit not with Eq. 17 but with a
constant, c. i2 represents c in this case.
Model i1(Gyr) j1(Gyr) i2(Gyr) j2(Gyr)
Name/No.
M1/1 0.36± 0.02 0.85± 0.02 4.24± 0.21 3.17± 0.08
M1sn/2 0.52± 0.02 0.90± 0.01 11.09± 4.28 2.60± 0.31
M1N/3 0.32± 0.04 0.84± 0.02 117.92± 2.27 -
M1const/4 0.13± 0.02 0.58± 0.03 0.85± 0.06 1.42± 0.04
M1Zpoor/5 0.38± 0.02 0.89± 0.02 11.83± 1.17 3.92± 0.20
M1Zpoorsn/6 0.46± 0.02 0.87± 0.02 1.72± 0.14 2.18± 0.05
M1l11/7 0.46± 0.03 0.94± 0.02 87.34± 6.90 -
M1l13/8 0.38± 0.17 0.99± 0.03 1.01± 0.05 1.45± 0.02
M2/9 0.051± 0.011 0.38± 0.03 2.87± 0.28 2.09± 0.07
M2sn/10 0.076± 0.013 0.42± 0.02 0.92± 0.11 1.07± 0.03
M2N/11 0.014± 0.003 0.31± 0.02 - -
M3/12 0.054± 0.009 0.34± 0.02 2.12± 0.10 1.96± 0.03
M3sn/13 0.054± 0.013 0.32± 0.02 1.62± 0.11 1.66± 0.03
M4/14 0.027± 0.008 0.30± 0.27 1.15± 0.03 1.75± 0.02
M4sn/15 0.028± 0.011 0.31± 0.03 2.41± 0.11 2.60± 0.04
Table 7. Parameters for the Σz profile fitted with Eq. 21 for All Models. The Newtonian models do not show an exponential
profile after the thin disk; therefore, these regions are fitted with Eq. 22. Also, some MONDian models do not show a thick
disk, because either their profile can be fitted with a single, simple exponential function (M1sn and M1l11) or the profile has a
more complicated form in that region than a simple exponential function or power law (M4 and M4sn).
Model nz,thin(2× 107Mpc−1) nz,thick(2× 107Mpc−1) ze,thin(kpc) ze,thick(kpc)
Name/No. N : a(2× 107Mpc−1) N : b
M1/1 0.316± 0.009 0.305± 0.008 0.096± 0.004 0.606± 0.011
M1sn/2 0.190± 0.002 0.509± 0.004 - -
M1N/3 0.147± 0.004 0.491± 0.023 0.025± 0.001 2.255± 0.030
M1const/4 0.336± 0.010 0.228± 0.007 0.142± 0.007 0.350± 0.007
M1Zpoor/5 0.353± 0.009 0.253± 0.008 0.078± 0.004 0.576± 0.009
M1Zpoorsn/6 0.271± 0.003 0.319± 0.006 0.126± 0.004 0.540± 0.007
M1l11/7 0.315± 0.008 0.323± 0.006 - -
M1l13/8 0.267± 0.008 0.328± 0.013 0.124± 0.001 0.659± 0.004
M2/9 1.714± 0.030 0.186± 0.003 0.184± 0.017 0.459± 0.016
M2sn/10 1.385± 0.025 0.227± 0.003 0.158± 0.010 0.512± 0.011
M2N/11 1.509± 0.030 0.265± 0.006 0.063± 0.001 2.796± 0.032
M3/12 1.730± 0.047 0.240± 0.006 0.308± 0.017 0.607± 0.017
M3sn/13 1.259± 0.016 0.315± 0.006 0.290± 0.013 0.661± 0.013
M4/14 5.530± 0.172 0.350± 0.011 - -
M4sn/15 5.747± 0.165 0.353± 0.010 - -
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Figure 20. The SFH and the evolution of the gas-depletion time for M1const. The red dots show the data, the green line
shows the exponential fit for the first part of the decaying star formation rate (SFR) / increasing gas-depletion time directly
after the initial collapse and the blue line shows the exponential fit for the shallower part after most of the gas was converted
into stellar particles during and shortly after the collapse.
Figure 21. As Fig. 20 but for M1sn.
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Figure 22. As Fig. 20 but for M1l11.
Figure 23. As Fig. 20 but for M1l13.
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Figure 24. As Fig. 20 but for M1Zpoor.
Figure 25. As Fig. 20 but for M1Zpoorsn.
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Figure 26. As Fig. 20 but for M2.
Figure 27. As Fig. 20 but for M2N.
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Figure 28. As Fig. 20 but for M2sn.
Figure 29. As Fig. 20 but for M3.
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Figure 30. As Fig. 20 but for M3sn.
Figure 31. As Fig. 20 but for M4.
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Figure 32. As Fig. 20 but for M4sn.
Figure 33. As Fig. 15 but for M1sn.
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Figure 34. As Fig. 15 but for M1l11.
Figure 35. As Fig. 15 but for M1l13.
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Figure 36. As Fig. 15 but for M1Zpoor.
Figure 37. As Fig. 15 but for M1Zpoorsn.
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Figure 38. As Fig. 15 but for M1N.
Figure 39. As Fig. 15 but for M1const.
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Figure 40. As Fig. 15 but for M2.
Figure 41. As Fig. 15 but for M2sn.
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Figure 42. As Fig. 15 but for M2N.
Figure 43. As Fig. 15 but for M3.
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Figure 44. As Fig. 15 but for M3sn.
Figure 45. As Fig. 15 but for M4.
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Figure 46. As Fig. 15 but for M4sn.
Figure 47. as Fig. 3 but for M1l11 and M1l13.
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Figure 48. as Fig. 3 but for M1Zpoor and M1Zpoorsn.
Figure 49. as Fig. 3 but for M2sn and M3sn.
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Figure 50. as Fig. 2 but for M1l11 and M1l13.
Figure 51. as Fig. 2 but for M1Zpoor and M1Zpoorsn.
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Figure 52. as Fig. 2 but for M2sn and M3sn.
Figure 53. As Fig. 16 Left panel:M1sn, Right panel: M1const.
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Figure 54. As Fig. 16 Left panel:M1l11, Right panel: M1l13.
Figure 55. As Fig. 16 Left panel:M1Zpoor, Right panel: M1Zpoorsn.
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Figure 56. As Fig. 16 Left panel:M2, Right panel: M2sn.
Figure 57. As Fig. 16 Left panel:M3, Right panel: M3sn.
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Figure 58. As Fig. 16 Left panel:M4, Right panel: M4sn.
Figure 59. As Fig. 16, but the thick disk fit is done with Eq. 22 as the profile is rather curved than straight. Left panel: M1N,
Right panel: M2N.
